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These lecture notes are based on the course CS351 (Dept. of Com-

puter Science, Stanford Univ ersit y) o�ered during the academic y ear

1991-92. The notes b elo w corresp ond to the �rst half of the course.

The second half consists of topics suc h as MAX SNP, cliques , and c ol-

orings , as w ell as more sp ecialized material co v ering topics suc h as ge-

ometric pr oblems , Steiner tr e es and multic ommo dity 
ows . The second

half is b eing revised to incorp orate the implications of recen t results in

appro ximation algorithms and the complexit y of appro ximation prob-

lems. Please let me kno w if y ou w ould lik e to b e on the mailing list

for the second half. Commen ts, criticisms and corrections are w elcome,

please send them b y electronic mail to rajeev@cs. sta nfo rd. ed u .
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Chapter 1

In tro duction

Summar y: The notion of appr oximation algorithm is intr o duc e d and

some motivation is pr ovide d for the issues to b e c onsider e d later. Ba-

sic notation and some elementary c onc epts fr om c omplexity the ory ar e

pr esente d. Two me asur es of go o dness for appr oximation algorithms ar e

c ontr aste d: absolute and r elative. Both p ositive and ne gative r esults ar e

describ e d for the fol lowing pr oblems: sche duling, bin p acking, and the

tr aveling salesman pr oblem.

A large n um b er of (if not, most of ) the optimization problems whic h

are required to b e solv ed in practice are N P -hard. Complexit y theory

tells us that it is imp ossible to �nd e�cien t algorithms for suc h problems

unless P = N P , and this is v ery unlik ely to b e true. This do es not

ob viate the need for solving these problems. Observ e that N P -hardness

only means that, if P 6= N P , w e cannot �nd algorithms whic h will �nd

exactly the optimal solution to al l instanc es of the problem in time

whic h is p olynomial in the size of the input. If w e relax this rather

stringen t requiremen t, it ma y still b e p ossible to solv e the problem

reasonably w ell.

There are three p ossibilities for relaxing the requiremen ts outlined

ab o v e to consider a problem w ell-solv ed in practice:

� [Sup er-p olynom ial time heuristics.] W e ma y no longer re-

quire that the problem b e solv ed in p olynomial time . In some

7
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cases there are algorithms whic h are just barely sup er-p olynomial

and run reasonably fast in practice. There are tec hniques (heuris-

tics) suc h as branc h-and-b ound or dynamic programming whic h

are useful from this p oin t of view. F or example, the Knapsack

problem is N P -complete but it is considered \easy" since there

is a \pseudo-p olynomial" time algorithm for it. (W e shall sa y

more ab out this in Chapter 2.) A problem with this approac h

is that v ery few problems are susceptible to suc h tec hniques and

for most N P -hard problems the b est algorithm w e kno w runs in

truly exp onen tial time.

� [Probabilistic analysis of heuristics.] Another p ossibilit y is

to drop the requiremen t that the solution to a problem cater

equally to al l input instanc es . In some applications, it is p ossible

that the class of input instances is sev erely constrained and for

these instances there is an e�cien t algorithm whic h will alw a ys

do the tric k. Consider for example the problem of �nding Hamil-

tonian cycles in graphs. This is N P -hard. Ho w ev er, it can b e

sho wn that there is an algorithm whic h will �nd a Hamiltonian

cycle in \almost ev ery" graph whic h con tains one. Suc h results

are usually deriv ed using a probabilistic mo del of the constrain ts

on the input instances. It is then sho wn that certain heuristics

will solv e the problem with v ery high probabilit y . Unfortunately ,

it is usually not v ery easy to justify the c hoice of a particular

input distribution. Moreo v er, in a lot of cases, the analysis of

algorithms under assumptions ab out distributions is in itself in-

tractable.

� [Appro ximation algorithms.] Finally , w e could relax the re-

quiremen t that w e alw a ys �nd the optimal solution . In practice, it

is usually hard to tell the di�erence b et w een an optimal solution

and a near-optimal solution. It seems reasonable to devise algo-

rithms whic h are really e�cien t in solving N P -hard problems, at

the cost of pro viding solutions whic h in all cases is guaran teed to

b e only sligh tly sub-optimal

In some situations, the last relaxation of the requiremen ts for solving

a problem app ears to b e the most reasonable. This results in the notion
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of the \appro ximate" solution of an optimization problem. In this b o ok

w e will attempt to classify as one of three t yp es all hard optimization

problems, from the p oin t of view of appro ximabilit y . Some problems

seem to b e extremel y easy to appro ximate, e.g. Knapsac k, Sc heduling

and Bin P ac king. Other problems are so hard that ev en �nding v ery

p o or appro ximations can b e sho wn to b e N P -hard, e.g. Graph Color-

ing, TSP and Clique. Finally , there is a class of problems whic h seem

to b e of in termediate complexit y , e.g. V ertex Co v er, Euclidean TSP or

Steiner T rees. In some cases w e will b e able to demonstrate that a

problem is pro v ably hard to appro ximate within some error.

1.1. Preliminaries and Basic De�nitions

W e �rst de�ne an N P -hard optimization problem and explore t w o no-

tions of appro ximation. The follo wing is a formal de�nition of a maxi-

mization pr oblem ; a minimization pr oblem can b e de�ned analogously .

De�nition 1.1: A n optimization problem � is char acterize d by

thr e e c omp onents:

� [Instances] D : a set of input instanc es.

� [Solutions] S ( I ) : the set of al l fe asible solutions for an instanc e

I 2 D .

� [V alue] f : a function which assigns a value to e ach solution,

i.e. f : S ( I ) ! < .

A maxim ization problem � is: given I 2 D , �nd a solution �

I

opt

2

S ( I ) such that

8 � 2 S ( I ) ; f ( �

I

opt

) � f ( � )

We wil l also r efer to the value of the optimal solution as O P T ( I ) ,

i.e. O P T ( I )

�

= f ( �

I

opt

) .
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W e will abuse our notation a bit b y sometimes referring to the op-

timal solution also as O P T ( I ). The meaning should b e clear from the

con text. The follo wing example should help to 
esh out these de�ni-

tions.

BIN P A CKING (BP): Informally , w e are giv en a collection of

items of sizes b et w een 0 and 1. W e are required to pac k them in to bins

of unit size so as to minimi ze the n um b er of bins used. Th us, w e ha v e

the follo wing minim ization problem.

� [Instances] I = f s

1

; s

2

; : : : s

n

g , suc h that 8 i; s

i

2 [0 ; 1].

� [Solutions] A collection of subsets � = f B

1

; B

2

; : : : B

k

g whic h is

a disjoin t partition of I , suc h that 8 i; B

i

� I and

P

j 2 B

i

s

j

� 1.

� [V alue] The v alue of a solution is the n um b er of bins used, or

f ( � ) = j � j = k ,

W e w ould lik e to sp ecify at the outset that an underlying assumption

throughout this b o ok will b e that the optimization problems satisfy the

follo wing t w o tec hnical conditions. This will b e particularly imp ortan t

when w e presen t complexit y -theoretic results.

1. The range of f and all the n um b ers in I ha v e to b e in tegers. Note

that w e can easily extend this to allo w rational n um b ers since

those can b e represen ted as pairs of in tegers. F or example, in the

Bin P ac king problem w e will assume all item sizes are rationals.

2. F or an y � 2 S ( I ), f ( � ) is p olynomially b ounded in the size of

an y n um b er whic h app ears in I .

It is not v ery hard to see that the �rst condition is reasonable since

no computer can deal with in�nite precision real n um b ers. As for the

second condition, w e defer the justi�cation and the motiv ation to Chap-

ter 2.

W e are only going to b e concerned with N P -complete optimiza-

tion problems suc h as Bin P ac king. Some p eople ma y �nd this concept
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sligh tly puzzling since normally the notion of N P -completeness is ap-

plied to languages or de cision pr oblems . F or example, when w e sa y that

Bin P ac king is N P -complete, it is understo o d that w e are referring to

the problem of deciding whether a giv en instance I has a solution of

v alue at most K , where K is also sp eci�ed as a part of the input. There-

fore, w e de�ne the notion of N P -hardness for optimization problems.

De�nition 1.2: If an N P -har d de cision pr oblem �

1

is p olynomial ly

r e ducible to c omputing the solution of an optimization pr oblem �

2

, then

�

2

is N P -har d.

T ypically , the problem �

1

is the decision v ersion of the problem

�

2

. In other w ords, for a maximiz ation problem �

2

, �

1

is of the form:

\Do es there exist � 2 S ( I ) suc h that f ( � ) � K ?"; ho w ev er, this is not

alw a ys the case. In fact, the ab o v e de�nition uses the more general

notion of T uring reducibilit y and this p ermits a wider applicabilit y of

the term N P -hardness. Refer to the b o ok b y Garey & Johnson [15] for

a discussion of these issues.

Giv en an N P -hard optimization problem �, it is clear that w e can-

not �nd an algorithm whic h is guaran teed to compute an optimal so-

lution in p olynomial time for all input instances, unless P = N P . W e

no w relax the requiremen t of optimalit y and ask for an appro ximation

algorithm. This is de�ned as follo ws.

De�nition 1.3: A n appro ximation algorithm A , for an optimiza-

tion pr oblem � , is a p olynomial time algorithm such that given an input

instanc e I for � , it wil l output some � 2 S ( I ) . We wil l denote by A ( I )

the value f ( � ) of the solution obtaine d by A .

A couple of remarks are in order. First, note that w e are only

in terested in p olynomial time algorithms and so this is built in to the

de�nition of an appro ximation algorithm. W e will abuse notation and

use A ( I ) to denote b oth the v alue of the solution and the solution itself.

Consider, for example, the Bin P ac king problem. Let D A (Dum b

Algorithm) b e an algorithm whic h pac ks eac h item in to a bin b y itself.
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Clearly , this is an appro ximation algorithm for the problem BP . Of

course it is not a v ery go o d appro ximation algorithm in the sense that

the n um b er of bins it uses need not b e close to the optimal n um b er of

bins.

Th us, w e need some w a y of comparing appro ximation algorithms

and analyzing the qualit y of solutions pro duced b y them. Moreo v er, the

\measure of go o dness" of an appro ximation algorithm m ust someho w

relate the optimal solution to the solution pro duced b y the algorithm.

Suc h measures are referred to as p erformanc e guar ante es and the exact

c hoice of suc h a measure is not ob vious a priori . W e will explore sev eralWhat do you think

is the most natur al

choic e of such a

me asur e?

notions of p erformance guaran tees in what follo ws.

1.2. Absolute P erformance Guaran tees

W e kno w that pac king a collection of items in to the smallest p ossible

n um b er of bins is \imp ossible". So what is the next b est solution

that w e could obtain? Clearly , this w ould b e a solution whic h uses at

most one extra bin when compared to the optimal solution. In general,

it w ould b e desirable to ha v e a solution whose v alue di�ers from the

optimal b y some small constan t. This is formalized in the absolute

p erformanc e me asur e .

De�nition 1.4: A n absolute appro ximation algorithm is a p oly-

nomial time appr oximation algorithm for � such that for some c onstant

k > 0 ,

8 I 2 D ; j A ( I ) � O P T ( I ) j � k

This is clearly the b est w e can exp ect from an appro ximation al-

gorithm for an y N P -hard problem. But can w e �nd suc h algorithms?

W e giv e b elo w a couple of examples where suc h algorithms are p ossible

to �nd.
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1.2.1. Absolute Appro ximation Algorithms

Consider the problem

�

of coloring the v ertices of a graph suc h that no

t w o adjacen t v ertices ha v e the same color. The goal is to minimi ze the

n um b er of colors used. The decision v ersion of this problem is N P -

hard ev en when restricted to graphs that are planar . W e no w sho w

that the planar graph coloring problem has an absolute appro ximation

algorithm.

W e �rst presen t the follo wing theorem ab out the N P -hardness of

the planar graph coloring [15 ].

Theorem 1.1: The pr oblem of de ciding whether a planar gr aph is 3-

c olor able is N P -c omplete.

It is also w ell-kno wn that an y planar graph is 5-colorable. In fact,

the (in)famous F our Color Theorem for planar maps [2, 3] tells us that

ev ery planar graph is 4-colorable.

Consider the follo wing appro ximation algorithm A for the planar

coloring problem. It �rst c hec ks if the graph is 2-colorable (or, bipartite)

and computes the 2-coloring if p ossible. Otherwise, it just computes Do you know how

che ck if a gr aph is

bip artite?

the ob vious 5-coloring in p olynomial time. It follo ws that A nev er uses

more than 2 extra colors.

Theorem 1.2: Given any planar gr aph G , the p erformanc e of the ap-

pr oximation algorithm A is such that j A ( G ) � O P T ( G ) j � 2 .

Consider no w the related problem of edge coloring. Here w e ha v e to

color the edges of a graph with the smallest p ossible n um b er of colors

suc h that no t w o adjacen t edges ha v e the same color. The follo wing

theorem of Vizing [8] relates the maxim um degree � to the edge coloring

n um b er.

Theorem 1.3: Every gr aph ne e ds at le ast � and at most � + 1 c olors

to c olor its e dges.

�

W e will not explicitly sp ecify the v arious comp onen ts of optimization problems

in the rest of the b o ok.
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In fact, the pro of of Vizing's Theorem giv es a p olynomial time algo-

rithm to actually �nd a coloring using � + 1 colors. It is therefore

amazing that ev en a v ery sp ecial case of the edge coloring problem is

N P -hard, as describ ed in the follo wing theorem of Holy er [26].

Theorem 1.4: The pr oblem of determining the numb er of c olors

ne e de d for a 3-r e gular planar gr aph is N P -har d.

Putting all this together w e can construct another absolute appro x-

imation algorithm for an N P -hard optimization problem. The algo-

rithm A just colors the input graph using � + 1 colors as p er Vizing's

Theorem.

Theorem 1.5: The appr oximation algorithm A has the p erformanc e

guar ante e j A ( G ) � O P T ( G ) j � 1 .

1.2.2. Negativ e Results for Absolute Appro xima-

tion

One ma y conclude from the preceding examples that only a v ery sp e-

cial t yp e of optimization problem can ha v e an absolute appro ximation

algorithm. These are problems where the v alue of the optimal solution

can easily b e pinned do wn within a small range, and the hardness of

the problem lies in determining the exact v alue of the optim um solution

within this range. An absolute appro ximation algorithm merely uses

this information to giv e a trivial solution. It remains op en whether

some really in teresting problem (i.e. one where the optim um v alue is

not so easily pinned do wn) has an absolute appro ximation algorithm.

P ossibly the b est candidate for suc h a result w ould b e the Bin P ac king

problem.

But what if there is no suc h algorithm for Bin P ac king? Ho w do

w e go ab out pro ving that suc h an appro ximation is imp ossible? First

note that if P = N P then w e can �nd the exact optim um for an y N P -

complete problem. Th us, an y hardness or imp ossibilit y result m ust

b e predicated up on the assumption that P 6= N P . It turns out that

most optimization problems are hard to appro ximate in the sense that
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�nding an absolute appro ximation is itself N P -hard. The follo wing

t w o examples will help to illustrate this.

Let us �rst consider the KNAPSA CK problem. An instance of the

problem consists of:

� Items I = f 1 ; : : : ; n g .

� Sizes s

1

; : : : ; s

n

for eac h of the corresp onding items.

� Pro�ts p

1

; : : : ; p

n

for eac h of the corresp onding items.

� Knapsac k capacit y B .

A feasible solution to the problem is a subset I

0

� I suc h that

P

i 2 I

0
s

i

� B . W e w an t to maximi ze f ( I

0

) =

P

i 2 I

0
p

i

. More informally ,

w e w ould lik e to pac k some items of di�ering sizes in to a knapsac k of

�xed capacit y , so as to maximi ze the pa y o�s obtained from pac king

eac h item.

This problem is N P -hard and so it is natural to try for an absolute

appro ximation algorithm for it. Unfortunately , there exists no suc h

algorithm unless there is a p olynomial time algorithm whic h can �nd

an optimum solution .

Theorem 1.6: If P 6= N P then no appr oximation algorithm c an solve

KNAPSA CK with j A ( I ) � O P T ( I ) j � k , for any �xe d k .

Pro of: W e will pro v e this b y con tradiction using a scaling argu-

men t. Assume there exists an algorithm A with p erformance guaran tee

k whic h is a p ositiv e in teger. W e will sho w that this algorithm can b e

used to construct an optim um solution to an y instance of Knapsac k,

thereb y establishing the theorem.

Supp ose w e are giv en some instance I of Knapsac k. W e then con-

struct a new instance I

0

suc h that s

0

i

= s

i

and p

0

i

= ( k + 1) p

i

. In

other w ords, w e lea v e ev erything unc hanged except the pro�ts whic h

are scaled up b y a factor of k + 1. It is easy to see that ev ery feasible

solution for I is also a feasible solution for I

0

, and vic e versa . The only
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di�erence is that the v alue of the solution for I

0

is k + 1 times the v alue

of the solution for I .

W e no w run the algorithm A on I

0

to obtain the solution A ( I

0

).

This giv es us a solution � for I . Clearly ,

j A ( I

0

) � O P T ( I

0

) j � k

) j ( k + 1) f ( � ) � ( k + 1) O P T ( I ) j � k

Recall that w e are only dealing with in teger v alues here. Up on dividing

across b y k + 1 w e get

j f ( � ) � O P T ( I ) j �

k

k +1

) j f ( � ) � O P T ( I ) j � 0

This, of course, means that w e ha v e found the optimal solution � .

2

The k ey ingredien t in the pro of w as the observ ation that KNAP-

SA CK has a certain scaling prop ert y due to the linear dep endence of

the v alue function on some n um b ers in the input. It ma y seem that this

will only b e p ossible when the problem in v olv es n um b ers in some cru-

cial sense. As the next example sho ws, w e can use \scaling" argumen ts

in purely com binatorial problems whic h do not ha v e an y n umerical as-

p ect. But this relies on the notion of \graph pro ducts" whic h implicitl y

pro vides us with the required scaling.

Consider the CLIQUE problem. The problem is that of �nding the

largest clique (or, complete subgraph) in the input graph G . This is

an N P -hard problem. Note the problem is essen tially the same as

the MAXIMUM INDEPENDENT SET (MIS) problem. The follo wingCan you se e why

MIS and CLIQUE

ar e r elate d?

theorem establishes the hardness of appro ximating the largest clique.

Theorem 1.7: If P 6= N P , then ther e is no absolute appr oximation

algorithm A for the CLIQUE pr oblem.

Pro of: W e �rst de�ne the m -p o w er of a graph G , sa y G

m

, as follo ws.

T ak e m copies of G and connect an y t w o v ertices whic h lie in di�eren t

copies. W e lea v e the pro of of the follo wing claim as an exercise.
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Claim: The largest clique in G is of size � if and only if the largest

clique in G

m

is of size m� .

Again, let us assume for the purp oses of con tradiction that the ap-

pro ximation algorithm A giv es an absolute error of k . Then w e claim

that the clique problem can b e optimally solv ed b y the follo wing strat-

egy . Run A on G

k +1

. If the largest clique in G is of size � , then w e

ha v e that:

j A ( G

k +1

) � O P T ( G

k +1

) j � k

) j A ( G

k +1

) � ( k + 1) O P T ( G ) j � k

No w it is not v ery hard to see that giv en an y clique of size � in G

m

, w e

can �nd a clique of size

�

m

in G in p olynomial time. Th us, w e can �nd

a clique C in G suc h that

jj C j � O P T ( G ) j �

k

k + 1

Since b oth j C j and O P T ( G ) are in teger-v alued, it follo ws that C m ust

b e an optimal clique.

2

1.3. Relativ e P erformance Guaran tees

F rom the preceding section it is clear that, while absolute p erformance

guaran tees are the most desirable ones, it is quite unlik ely that w e

can giv e suc h guaran tees for an y in teresting class of hard optimization

problems. Therefore it seems reasonable to relax the requiremen t for a

\go o d appro ximation algorithm". W e start b y examining the problem

of multipr o c essor sche duling and use it to motiv ate the de�nition of

r elative p erformanc e guar ante es . In terestingly enough, the whole �eld

of appro ximation algorithms has its ro ots in the w ork of Graham [18]

in 1966 on the problem of sc heduling. In fact, sc heduling problems

probably ha v e the most w ell-dev elop ed b o dy of w ork from the p oin t of

view of appro ximation algorithms. In this b o ok, ho w ev er, w e will not

b e able to co v er most of these results and the reader is referred to the

surv ey article b y La wler et al [40] for further details.
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1.3.1. Multipro cessor Sc heduling

Consider the simplest v ersion of the m ultipro cessor sc heduling problem.

The input consists of n jobs, J

1

; J

2

; : : : ; J

n

. Eac h job has a corresp ond-

ing run time p

1

; : : : ; p

n

, where eac h p

i

is assumed to b e rational. The

jobs are to b e sc heduled on m iden tical mac hines or pro cessors so as

to minimi ze the �nish time. The �nish time is de�ned to b e the max-

im um o v er all pro cessors of the total run-time of the jobs assigned to

that pro cessor. The set of feasible solutions consists of all partitions of

the n jobs in to m subsets, and the v alue of a solution is the maxim um

o v er all subsets of the total run-time of the subset. The problem is

kno wn to b e N P -hard ev en in the case where m = 2.

Consider the follo wing algorithm due to Graham whic h is called the

list sche duling algorithm. The algorithm considers the n jobs one-b y-

one, assigning eac h job to one of the m mac hines in an online fashion.

The rule is to assign the curren t job to that pro cessor whic h is (at that

p oin t) the least loaded pro cessor. Note that the load on a pro cessor is

the total run-time of all the jobs assigned to it.

Theorem 1.8: L et A denote the list sche duling algorithm. Then, for

al l input instanc es I ,

A ( I )

O P T ( I )

� 2 �

1

m

Mor e over, this b ound is tight in that ther e exists an input instanc e I

�

such that

A ( I

�

)

O P T ( I

�

)

= 2 �

1

m

Pro of: Let us �rst pro v e the upp er b ound on the ratio. Assume,

without loss of generalit y , that after all the jobs ha v e b een assigned the

mac hine M

1

has the highest load. Let L denote the total run-time of all

the jobs assigned to M

1

. Also, let J

j

denote the last job to b e assigned

to this mac hine.

W e claim that ev ery mac hine has a total load of at least L � p

j

.

This is b ecause when J

j

w as assigned to M

1

, M

1

w as the least loaded
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pro cessor with a load exactly L � p

j

. It then follo ws that

n

X

i =1

p

i

� m ( L � p

j

) + p

j

But it is also the case that

O P T ( I ) �

P

n

i =1

p

i

m

since some pro cessor m ust ha v e this m uc h load at the end of the sc hedul-

ing pro cess. Since A ( I ) = L , w e obtain that

O P T ( I ) � ( L � p

j

) +

p

j

m

= A ( I ) �

�

1 �

1

m

�

p

j

Observing that O P T ( I ) � p

j

since some pro cessor has to execute the

job J

j

, w e obtain the desired result.

T o see that the algorithm actually ac hiev es this ratio, consider the

follo wing input instance I

�

. Let n = m ( m � 1) + 1 and let the �rst

n � 1 jobs ha v e a run-time of 1 eac h, while the last job has p

n

= m . It

is easy to see that O P T ( I

�

) = m while A ( I ) = 2 m � 1. This giv es the

desired lo w er b ound on the ratio. 2

The in teresting thing to note ab out this result is that w e are mea-

suring the qualit y of the appro ximation algorithm in terms of the ratio

b et w een the v alue of its solution and that of the optimal solution. This

is exactly what w e mean b y a relativ e p erformance measure. The fol-

lo wing de�nition formalizes this notion.

De�nition 1.5: L et A b e an appr oximation algorithm for an optimiza-

tion pr oblem � . The p erformanc e r atio R

A

( I ) of the algorithm A on

an input instanc e I is de�ne d as

R

A

( I ) =

A ( I )

O P T ( I )

in the c ase wher e � is a minimization pr oblem. On the other hand

when � is a maximization pr oblem we de�ne the p erformanc e r atio as

R

A

( I ) =

O P T ( I )

A ( I )



CHAPTER 1. INTR ODUCTION P age 20

The ratio is de�ned di�eren tly for maximiz ation and minim ization

problems so as to ha v e a uniform measure for the qualit y of the solu-

tion pro duced b y A . The ratio is alw a ys at least 1 and the algorithm

pro duces a b etter appro ximation if the ratio is closer to 1. W e no w

de�ne the w orst-case ratio for the algorithm A .

De�nition 1.6: The absolute p erformance ratio , R

A

, of an ap-

pr oximation algorithm A for an optimization pr oblem � is

R

A

= inf f r j R

A

( I ) < r ; 8 I 2 D g

Applying these de�nitions to the list sc heduling algorithm A , w e

ha v e that R

A

= 2 �

1

m

. Actually there is an ev en b etter appro ximation

algorithm for the sc heduling problem called LP T . This algorithm �rst

orders the jobs b y decreasing v alue of their run-times. After this, the

algorithm b eha v es exactly the same as the list sc heduling algorithm.

Graham pro v ed the follo wing result for this new algorithm. W e lea v e

the pro of as an exercise.

Theorem 1.9: The LPT algorithm has a p erformanc e r atio of R

LP T

=

4

3

�

1

3 m

.

In some problems, the absolute p erformance ratio is not the b est

p ossible de�nition of the p erformance guaran tee for an appro ximation

algorithm. This is b ecause there ma y b e input instances where the

v alue of the optimal solution is v ery small, and the p erformance of the

appro ximation algorithm di�ers only sligh tly from the optimal v alue.

Ho w ev er, the small v alue of the optim um solution will mak e the ratio

app ear to b e large. This is unreasonable since on larger instances the

ratio is b ounded b y a small constan t. W e will see an example of suc h

a problem in the next section. T o tak e care of suc h anomalies, w e will

also de�ne an asymptotic p erformance ratio.

De�nition 1.7: The asymptotic p erformance ratio , R

1

A

, of an

appr oximation algorithm A for an optimization pr oblem � is

R

1

A

= inf f r j 9 N

0

; R

A

( I ) � r for al l I 2 D

�

with O P T ( I ) � N

0

g
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W e note that there is no di�erence b et w een the absolute and asymp-

totic p erformance ratios of an y appro ximation algorithm for sc heduling.

This is due to the scaling prop ert y of this problem. The scaling prop-

ert y is that w e can m ultiply all the run-times b y an y large constan t

N , thereb y scaling up the v alue of the optimal solution b y N , with-

out really c hanging the problem b eing solv ed. On the other hand, w e

will see that the appro ximativ e b eha vior of the Bin P ac king problem

c hanges dramatically when w e mo v e from the absolute to the asymp-

totic ratios. Most N P -complete optimization problems do not ha v e the

scaling prop ert y .

Before w e start pro ving b ounds on the p erformance ratios of sp eci�c

algorithms, it is useful to consider ho w suc h a b ound ma y b e deriv ed

in general. Assume without loss of generalit y that � is a minim ization

problem. Then the pro of of an upp er b ound on R

A

for an y algorithm

A can b e brok en up in to t w o parts. The �rst part is a pro of of a lo w er

b ound on the v alue of O P T ( I ) in terms of some parameters x . The

second stage is to sho w that w e can pro vide an upp er b ound on A ( I )

in terms of x . T o obtain the b ound on the ratio, w e merely eliminate x

from these t w o inequalities. It is reasonably easy to see what the t w o Can you identify

these two p arts of

the pr o of in

The or em ?

parts of the pro of need to b e in the case where � is a maximization

problem and/or when pro ving a lo w er b ound on R

A

.

1.3.2. Bin P ac king

Recall the Bin P ac king problem de�ned earlier. This problem is v ery

closely related to the sc heduling problem { they are duals of eac h other.

Therefore, it is not v ery surprising that similar ideas crop up in devising

appro ximation algorithms for these t w o problems.

W e �rst consider the algorithm called First Fit or FF. This algo-

rithm go es do wn the list of items and �ts eac h item in to the �rst bin

where it will �t. More precisely , let us n um b er the bins according to

the time at eac h the �rst item w as inserted in to it. While trying to

pac k item i , FF successiv ely tries to �t it in to the already op ened bins

in this order. If no op en bin has an y ro om for the curren t item, then it

op ens a new bin and place item i in it.
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Claim: F or all instances I , F F ( I ) < d 2

P

s

i

e .

Pro of: The pro of is based on the observ ation that at most one

bin is more than half empt y at the end of the en tire pac king pro cess.

Supp ose this is not the case. Let B

i

and B

j

b e t w o bins whic h are more

than half empt y , suc h that i < j . Then the �rst item placed in to bin

B

j

is of size at most 0 : 5. But this item w ould ha v e �t in to B

i

and FF

w ould not ha v e op ened the new bin B

j

.

F rom this w e conclude that total size of all the items is at least half

of the n um b er of bins used b y FF. But the total size of all the items is

also a lo w er b ound on the v alue of the optimal solution. This giv es the

desired b ound. 2

Actually , m uc h stronger b ounds w ere obtained for the First Fit

algorithm b y Johnson et al [31] in 1974. They established the follo wing

result.

Theorem 1.10: R

1

F F

= 1 : 7 and mor e pr e cisely we have the fol lowing

b ounds.

� 8 I ; F F ( I ) � 1 : 7 O P T ( I ) + 2

� 9 I ; F F ( I ) � 1 : 7( O P T ( I ) � 1)

It is fairly easy to see an example where F F ( I ) �

5

3

O P T ( I ). Con-

sider the follo wing instance I with 18 m items. Here � denotes a suitably

small constan t.

� 6 m items of size

1

7

+ � .

� 6 m items of size

1

3

+ � .

� 6 m items of size

1

2

+ � .

It is clear that O P T ( I ) = 6 m { the optimal pac king puts one item of

eac h t yp e in to eac h bin. On the other hand, F F will distribute theCan you se e why

ther e is no b etter

p acking?

items as follo ws.

� m bins with 6 items of size

1

7

+ � eac h.



1.3. RELA TIVE PERF ORMANCE GUARANTEES P age 23

� 3 m bins with 2 items of size

1

3

+ � eac h.

� 6 m bins with 1 item of size

1

2

+ � eac h.

A seemingly smarter heuristic is called Best Fit or BF. This puts

eac h item in to a bin where it �ts the b est. In other w ords, if the item

�ts in to a bin whic h is already op en, then it is placed in to that bin

where the empt y space left o v er (after the curren t item has b een added)

is minim ize d. If no curren tly op en bin can accommo date the curren t

item then a new bin is op ened for it. Quite surprisingly , Johnson et

al sho w ed that the BF algorithm also has an asymptotic p erformance

ratio of 1.7.

In the lo w er b ound example for FF it seems that the p o or p erfor-

mance is due to the fact that all the small items are placed earlier in the

list. A natural mo di�cation is to �rst sort the items in decreasing order

of sizes, and then run the FF or BF algorithm. This is quite similar to

the LPT mo di�cation to the list sc heduling algorithm. Let us call the

resulting algorithms FFD (First Fit Decreasing) and BFD (Best Fit

Decreasing). Once again b oth algorithms ha v e the same asymptotic

ratio of

11

9

.

The pro of of the upp er b ound for FFD or BFD is v ery in v olv ed

(o v er 100 pages long!). Ho w ev er, it is easy to see that the b ound of

11

9

is ac hiev ed for the follo wing input instance: 6 m items of size

1

2

+ � , 6 m

items of size

1

4

+ 2 � , 6 m items of size

1

4

+ � , and 12 m items of size

1

4

� 2 � .

W e lea v e the pro of as an exercise.

Finally , w e commen t on the di�erence b et w een the absolute and

asymptotic p erformance ratios for the Bin P ac king problem. The fol-

lo wing theorem can b e pro v ed b y using an input instance consisting of

only sev en items { the pro of is again left as an exercise.

Theorem 1.11: R

F F D

�

3

2

Con trast this result with upp er b ound of 11/9 on the asymptotic

ratio for FFD. This giv es an example of an appro ximation algorithm

with v ery di�eren t p erformance in terms of the t w o kinds of ratios.
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1.3.3. The T ra v eling Salesman Problem

As a �nal example to illustrate the notion of p erformance ratios, w e

consider the famous problem of TSP . The input instance for TSP con-

sists of a directed graph G with edge lengths d ( i; j ), for all v ertices i

and j . Some of the edge lengths ma y b e in�nite, so w e can assume that

the graph is complete without an y loss of generalit y . A feasible solution

consists of a tour of the graph whic h visits ev ery v ertex exactly once.

The goal is to �nd a tour of minim um length. W e will only consider

the symmetric v ersion of the TSP , i.e. where d ( i; j ) = d ( j; i ). Th us, w e

ma y restrict ourselv es to the case of undirected graphs only . A t this

p oin t w e are in terested in an ev en more sp ecial case of this problem

called �TSP .

De�nition 1.8: The Metric T r aveling Salesman Pr oblem ( � TSP) is

the sp e cial c ase of the TSP wher e the input instanc es satisfy the triangle

ine quality. Mor e pr e cisely, for al l vertic es i , j and k ,

d ( i; k ) � d ( i; j ) + d ( j; k )

Consider the follo wing heuristic for �TSP called the Ne ar est Neigh-

b or heuristic or NN. Starting at an y v ertex, construct a Hamiltonian

path b y going to the nearest un visited v ertex at eac h step. Finally ,

the cycle is completed b y returning to the starting v ertex. This is a

natural heuristic but its p erformance is v ery p o or as demonstrated b y

the follo wing result due to Rosenkran tz et al [51].

Theorem 1.12: L et n denote the numb er of vertic es in an instanc e of

� TSP. Then, R

1

N N

= �(log n )

Ho w ev er, it turns out that w e can do m uc h b etter b y using more

complex ideas. In fact, there are sev eral heuristics kno wn to ac hiev e an

asymptotic ratio of 2 [51 ]. Most of the go o d heuristics for �TSP are

based on �nding an Eulerian tour and then using \short-cuts" to obtain

a Hamiltonian tour. W e start b y reviewing the notion of an Eulerian

tour (refer to an y standard graph theory b o ok for more details).



1.3. RELA TIVE PERF ORMANCE GUARANTEES P age 25

De�nition 1.9: L et G b e a multigr aph. A n Eulerian tour in G is a

walk that visits every vertex at le ast onc e and e ach e dge exactly onc e.

Note that in a m ultigraph ev ery edge can b e rep eated arbitrarily

often. The follo wing theorem c haracterizes the class of graphs whic h

p ermit an Eulerian tour. Constructing suc h a tour in p olynomial time

is an easy consequence of the pro of of this theorem.

Theorem 1.13: A multigr aph G has an Eulerian tour if and only if G

is c onne cte d and al l vertic es ar e of even de gr e e.

Let us no w consider the heuristic for �TSP based on the Minim um

Spanning T ree (MST) in a w eigh ted graph. The MST heuristic starts

o� b y �nding (in p olynomial time) an y MST for the graph G . It then

constructs an Eulerian tour E T from the edges of T (using eac h edge

exactly t wice). The Eulerian tour yields a Hamiltonian cycle as follo ws.

Starting at an y v ertex, visit the v ertices in the order in whic h they are

�rst visited in E T .

Algorithm MST :

Input: Graph G ( V ; E ) with distance function d .

Output: A Hamiltonian tour in G .

1. Find a minim um spanning tree T in G .

2. Construct a m ultigraph T

0

b y making t w o copies of eac h edge in T .

3. Find an Eulerian tour E T in T

0

.

4. Construct a Hamiltonian tour b y short-circuiting the Eulerian

tour. That is, starting at an y v ertex, follo w the Eulerian tour as

long as new v ertices are b eing visited. A t an y p oin t where the

Eulerian tour rep eats a v ertex, jump directly to the next

un visited v ertex. Finally , complete the cycle b y returning to the

starting v ertex.
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Theorem 1.14: The MST heuristic applie d to � TSP has R

1

M S T

= 2 .

Pro of: T o pro v e correctness, it su�ces to note that the graph T

0

is

Eulerian since it is connected and all degrees are ev en.

Giv en an y collection of edges H from G , denote b y d ( H ) the sum

of all the edge lengths for the edges in H . W e �rst claim the d ( T ) �

O P T ( G ). This is b ecause an y Hamiltonian cycle with an edge remo v ed

giv es a spanning tree. Th us, w e obtain that d ( E T ) = d ( T

0

) � 2 �

O P T ( G ). Finally , the short-cut pro cedure ensures that A

M S T

( G ) �

d ( E T ). This giv es us an upp er b ound of 2 for the ratio.Do you se e why

A

M S T

� d ( E T ) ?

W e lea v e the construction of an instance where this ratio is ac hiev ed

b y A

M S T

as an (easy) exercise.

2

It turns out that there is a mo di�cation to this heuristic whic h

impro v es the p erformance ratio substan tially . This is the heuristic due

to Christo�des [9] whic h w e will refer to as CH. The basic idea is to

a v oid doubling the edges in going from the MST to an Eulerian graph.

All w e really need to do is to add a collection of edges whic h will increase

the degree of ev ery o dd-degree v ertex in the MST b y exactly 1. This

collection of edges is nothing but a matc hing on the o dd-degree v ertices.Why do es such a

matching always

exist?

Recall that a matc hing for a collection of v ertices S in G is a subset

of edges from G suc h that the set of end-p oin ts of these edges is exactly

S , and eac h v ertex in S has exactly one edge from the matc hing inciden t

on it. Since G is complete, there exists a matc hing for ev ery set S .

Moreo v er, using standard results [38 ], the minim um -w eigh t matc hing

in G for S can b e found in p olynomial time.

It is relativ ely easy to mo dify the MST heuristic to incorp orate the

ideas presen ted ab o v e. W e obtain the follo wing result for Christo�des

heuristic.

Theorem 1.15: R

1

C H

= 1 : 5

Pro of: Let M b e the minim um w eigh t matc hing on the set O of

o dd degree v ertices in the MST T . W e claim that d ( M ) �

O P T ( G )

2

.
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T o see this, consider the tour X obtained b y taking short-cuts in the

optimal solution so as to exclude all v ertices whic h are not in O . The

claim follo ws from the observ ations that d ( X ) � O P T ( G ) and that the

tour on O is the union of t w o matc hings for O (consider the alternate

edges in the tour). Th us, one of these t w o matc hings has w eigh t at most

half that of the en tire tour. No w the Eulerian tour E T is constructed

in the graph T [ M and has w eigh t at most 1 : 5 � O P T ( G ). This giv es

the desired result. As usual, w e lea v e as an exercise the construction

of an example to sho w that this b ound can b e ac hiev ed.

2

This last heuristic is the b est-kno wn for �TSP . Note that the MST

heuristic is v ery e�cien t since it runs in almost linear time. The heuris-

tic due to Christo�des is m uc h more ine�cien t since �nding a minim um

w eigh t matc hing [38 ] requires time O( n

3

). An in teresting op en problem

is to �nd a simple construction of a class of algorithms whic h allo ws a

smo oth trade-o� b et w een the running time and the p erformance ratio.

The results of V aidy a [57 , 58 ] on exact and appro ximate minim um -

w eigh t matc hing (for p oin ts in the Euclidean plane) do es giv e a trade-

o�, but it w ould seem that b etter results should b e p ossible. Of course,

impro ving the b ound of 1 : 5 w ould b e a ma jor breakthrough! Another

w a y of lo oking at the Euclidean TSP problem is: giv en n p oin ts in the

plane, em b ed a Hamiltonian cycle on these p oin ts so as to minim iz e

the total length of the em b edded cycle. This can no w b e generalized

to the em b edding of an y graph, and not just the Hamiltonian cycle.

In teresting appro ximation results of this t yp e can b e found in the w ork

of Bern et al [7] and Hansen [23].

1.3.4. Negativ e Results for Relativ e Appro xima-

tion

W e ha v e seen sev eral problems whic h p ermit go o d appro ximation al-

gorithms under the relativ e p erformance measure. Ho w ev er, there are

a large n um b er of problems whic h do not exhibit this b eha vior. F or

example, in the GRAPH COLORING, CLIQUE or TSP problems w e

do not kno w of an y algorithm whic h pro vides a p erformance guaran-
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tee that is substan tially b etter than n , the n um b er of v ertices in the

graph. It is desirable to come up with some explanation for wh y certain

problems are easy to appro ximate and others are as in tractable in their

appro ximating v ersions as in the optimization v ersion. Unfortunately ,

the theory of N P -completeness do es not pro vide an y insigh t in to this

issue. There app ears to b e no connection b et w een the appro ximate

v ersion of problems whic h are v ery closely related in their optimization

v ersions (as all N P -complete problems m ust b e!).

A go o d example is pro vided b y the problems of VER TEX CO VER

(V C) and MAXIMUM INDEPENDENT SET (MIS). Giv en a graph

G ( V ; E ), a v ertex co v er is a set C � V suc h that eac h edge in E has

at least one end-p oin t in C . The V C problem is to �nd a minim um

cardinalit y v ertex co v er in the input graph G . An indep enden t set

in G is a set I � V suc h that there are no edges b et w een an y pair

of v ertices in I . The MIS problem is to �nd a maxim um cardinalit y

indep enden t set in G . An indep enden t set is exactly the compleme n t

of a clique, so the MIS problem is the same as the CLIQUE problem

in the compleme n t graph.

Exercise 1.1: Show that in every gr aph G , C is a vertex c over if and

only if I = V n C is an indep endent set. Mor e over, C is an optimal

solution to V C if and only if I = V n C is an optimal solution to MIS.

F rom this one migh t conclude that appro ximating V C and MIS are

related problems. This is not the case! As w e will see in Chapter 4,

there is an appro ximation algorithm for V C with the ratio 2. On the

other hand, w e do not kno w of an y appro ximation algorithm for MIS

with a ratio signi�can tly b etter than j V j = n . T o see wh y the appro x-

imation of V C do es not help in appro ximating MIS, let G b e a graph

with an optimal V C of size

n

2

� 1. Then w e are guaran teed a v ertex

co v er of size at most n � 2 b y the appro ximation algorithm. Unfortu-

nately , the complemen t of this v ertex co v er giv es us an indep enden t set

of size only 2, as opp osed to the optimal indep enden t set of size

n

2

+ 1.

Ev en though N P -hardness reductions shed little ligh t on the ap-

pro ximativ e b eha vior of optimization problems, it turns out w e can use



1.3. RELA TIVE PERF ORMANCE GUARANTEES P age 29

the theory of N P -completeness to sho w that certain kinds of appro xi-

mation algorithms do not exist unless P = N P . Let us �rst de�ne the

b est p ossible p erformance ratio for a giv en optimization problem.

De�nition 1.10: We de�ne R

M I N

(�) , the b est ac hiev able p erfor-

mance ratio for an optimization pr oblem � , as fol lows

R

M I N

(�) = inf f r � 1 j 9 p oly-time algorithm A for � with R

1

A

� r g

The most desirable situation w ould b e to ha v e R

M I N

= 1 for a

problem �. W e see in the next few c hapters that this can b e ac hiev ed

for problems suc h as KNAPSA CK and BIN P A CKING. These are the

problems whic h are v ery easy to appro ximate. The next lev el of prob-

lems are those for whic h w e can sho w that R

M I N

is b ounded, as in the

case of �TSP . Finally , there are the really hard problems for whic h

R

M I N

is un b ounded. In the rest of this c hapter w e examine a few

problems of the latter t yp e.

Consider the general TSP problem, i.e. without the triangle inequal-

it y . The follo wing theorem due to Sahni and Gonzalez [55] sho ws that

this is a really hard problem to appro ximate. Note that, as usual, the

hardness of an appro ximation problem is predicated up on P and N P

b eing di�eren t.

Theorem 1.16: If P 6= N P then R

M I N

( T S P ) = 1 .

Pro of: Assume that there is an algorithm A suc h that R

1

A

= K , for

some constan t K . The pro of idea is to use A to construct a p olynomial

time algorithm to solv e HAM, the Hamiltonian cycle problem. Since

the HAM is N P -complete, w e get a con tradiction if P 6= N P .

Supp ose w e ha v e an instance of HAM, i.e. an undirected and un-

w eigh ted graph G ( V ; E ). W e construct an instance I for the TSP as

follo ws. Let H b e a complete graph on the v ertex set V . The length

of an edge in H whic h is from E is set to 1, and the length of all other

edges are set to K n , where n is the cardinalit y of V . The follo wing

claim is easy to pro v e.
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Claim: If G has a Hamiltonian cyle then O P T ( I ) = n . Otherwise,

O P T ( I ) � ( K + 1) n � 1.

Consider what happ ens when w e run the algorithm A on I . If

G is Hamiltonian, then A ( I ) � K n . Otherwise, A ( I ) � O P T ( I ) �

( K + 1) n � 1. Th us, the v alue of the solution found b y A tells us

whether G is Hamiltonian or not. In e�ect, w e ha v e giv en a p olynomial

time reduction from HAM to the appro ximate v ersion of TSP . This

con tradicts the fact that HAM is N P -complete, unless P = N P .

2

So far w e ha v e seen results whic h pro v e the imp ossibilit y of �nding

absolute appro ximation algorithms (e.g. for CLIQUE), and the ab o v e

result sho ws that for the TSP there is no appro ximation algorithm

with a b ounded p erformance ratio. It is p ossible to devise algorithms

whose p erformance lies somewhere in b et w een these t w o kinds of ap-

pro ximation algorithms. F or example, w e will see shortly an appro x-

imation algorithm A for BIN P A CKING where j A ( I ) � O P T ( I ) j �

O(log

2

O P T ( I )). Another example is the result of Lipton and T ar-

jan [42 ] where it is sho wn that there is an appro ximation algorithm A

for �nding maxim um indep enden t sets in planar graphs suc h that

j A ( I ) � O P T ( I ) j � O

0

@

1

q

log log O P T ( I )

1

A

O P T ( I )

using the planar separator theorem. Notice that suc h results imply that

R

1

A

= 1.

Giv en the p ossibilit y of suc h in termediate p erformance guaran tees,

it b ecomes in teresting to pro v e imp ossibilit y results for suc h appro xima-

tion algorithms. It is not v ery hard to mo dify the pro of of Theorem 1.7

to obtain the follo wing hardness result for CLIQUE. A series of suc h

results ha v e b een obtained b y Nigmatullin [47 ] and Kucera [37 ].

Theorem 1.17: F or al l c onstants � , K > 0 , ther e is no appr oximation

algorithm A for the CLIQUE pr oblem such that

j A ( I ) � O P T ( I ) j � K � O P T ( I )

1 � �
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Notice that this theorem do es not rule out the p ossibilit y that there

is some algorithm A for CLIQUE suc h that R

1

A

= 1. (F or example,

one could obtain a result similar to that obtained for the case of planar

graphs.) W e do not kno w whether this is p ossible for CLIQUE but

b eliev e it to b e extremely unlik ely . Unfortunately , w e do not kno w

of an y w a y of sho wing that the asymptotic ratio 1 is not ac hiev able,

b esides sho wing that R

M I N

> 1 if P 6= N P . The latter is strictly

stronger result.

Assuming that the ratio 1 is not ac hiev able for CLIQUE, w e can

sho w that no constan t ratio is ac hiev able either. This is a consequence

of the follo wing v ery curious theorem. Basically the result sa ys that

if that problem can b e appro ximated within a sp eci�c constan t fac-

tor, then it can b e appro ximated within an y constan t factor. This is

an example of a self-r e ducibility result for the appro ximation of an op-

timization problem. This result is usually in terpreted as sa ying that

CLIQUE is v ery hard to appro ximate as w e do not b eliev e that it has

R

M I N

= 1.

Theorem 1.18: F or the CLIQUE pr oblem, either R

M I N

( C LI QU E ) =

1 or R

M I N

( C LI QU E ) = 1 .

The idea b ehind this theorem is to use a notion of graph pro duct

to amplify the size of the optimal clique.

De�nition 1.11: The pr o duct of two gr aphs G

1

( V

1

; E

1

) and G

2

( V

2

; E

2

)

is de�ne d as a gr aph G ( V ; E ) such that

� V = V

1

� V

2

.

� an e dge f ( u

1

; u

2

) ; ( v

1

; v

2

) g is in G if either ( u

1

; v

1

) 2 E

1

or ( u

1

=

v

1

and ( u

2

; v

2

) 2 E

2

).

We write G = G

1

� G

2

and de�ne G

N

= G

N � 1

� G .

Note that the pro duct op eration is non-comm utativ e. W e will need

the follo wing lemm a whose pro of is left as an exercise.
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Lemma 1.1: L et O P T ( G ) denote the size of the lar gest clique in G .

Then O P T ( G

N

) = O P T ( G )

N

for al l N > 0 . Mor e over, given any

clique of size C in G

N

, we c an �nd in p olynomial time a clique of size

C

0

� d C

1

N

e in G .

W e are no w ready to pro v e the theorem.

Pro of: Assume that R

M I N

( C LI QU E ) < 1 . Then there exists an

appro ximation algorithm A for the clique problem whic h has R

1

A

= r ,

for a some constan t r . W e no w �x an y � > 0 and construct an algorithm

A

�

suc h that R

1

�

< 1 + � . This w ould imply the desired result.

The algorithm A

�

�rst c ho oses N suc h that r

1

N

< 1 + � . It then runs

the algorithm A on G

N

. Clearly , A �nds a clique of size at least

O P T ( G

N

)

r

=

O P T ( G )

N

r

in G

N

. By the preceding lemm a, this can b e used to construct a clique

of size at least

O P T ( G )

r

1

N

>

O P T ( G )

1 + �

in G .

T o see that the algorithm A

�

runs in p olynomial time, observ e that

the graph pro duct can b e computed in p olynomial time and N is a

constan t.

2

1.4. Discussion

W e are follo wing the notation of Garey and Johnson [15] whic h is no w

univ ersally accepted. Their b o ok is w ell-kno wn as a go o d reference on

the theory of N P -completeness. It also pro vides a great in tro duction to

the area of appro ximation algorithms, although it is quite a bit outdated

in this resp ect. Y ou could also refer to some of the other standard text-

b o oks on com binatorial algorithms [27, 48 ]. Unfortunately neither of

these is up-to-date and they only pro vide a v ery cursory description of
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the w ork in this area. There are some surv ey articles on appro ximation

algorithms [13 , 30 , 35 ] but again all of these are really old and out-

dated. A more recen t article b y Kannan and Korte [32] is m uc h more

useful.

Problems

1{1 Using the fact that ev ery planar graph has a v ertex of degree at

most 5, sho w that all planar graphs are 5-colorable. Ho w do y ou

�nd suc h a coloring in p olynomial time?

1{2 Consider the follo wing v arian t of the tra v eling salesman problem

called the b ottlene ck TSP problem. The goal is to �nd a Hamilto-

nian tour of the input graph so as to minimi ze the length of the

longest edge in the tour. Assuming that the input graph satis�es

the triangular inequalit y , sho w that this problem has a p olynomial

time appro ximation algorithm with ratio 3.

1{3 Consider the follo wing generalization of the TSP called k-TSP

whic h is de�ned for an y �xed k > 0. Notice that the 1-TSP

problem is exactly the �TSP .

Instance: Complete graph G ( V ; E ), with a distance function d :

E ! <

+

whic h satis�es the triangle ine quality .

F easible Solutions: A collection of k subtours on G suc h that

eac h subtour starts and ends at v

1

, and all other v ertex o ccur

exactly once in exactly one of the subtours.

Goal: The ob jectiv e is to minimi ze the total length of the k sub-

tours.

Mo dify the Christo�des Heuristic to solv e this problem appro xi-

mately and pro vide upp er and lo w er b ounds on its p erformance

ratio.

( Hin t: There is a p olynomial time algorithm to �nd a minim um

spanning tree T of G suc h that a sp eci�c no de v has a sp eci�c

degree d in T .)
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1{4 De�ne the pro duct of t w o graphs G

1

and G

2

as G = G

1

� G

2

,

where G is obtained b y replacing eac h v ertex of G

1

b y a cop y

of G

2

and putting all p ossible edges b et w een t w o copies whic h

corresp ond to adjacen t v ertices. Let G

N

b e the graph de�ned b y

the recurrence relation G

i +1

= G

i

� G . Pro v e the follo wing t w o

claims.

� Let O P T ( G ) b e the size of the largest clique in G . Then,

O P T ( G

N

) = O P T ( G )

N

.

� Giv en a clique of size C in G

N

, w e can construct in p olyno-

mial time a clique of size at least d C

1

N

e in G .

1{5 A Hamiltonian walk in a graph G ( V ; E ) is a closed w alk that visits

eac h v ertex at least once. Let � denote the optimization problem

of �nding a minim um length Hamiltonian w alk.

a). Sho w that � is N P -complete.

b). What can y ou sa y ab out the hardness of appro ximating �?

c). Construct (and analyze) the b est appro ximation algorithm

y ou can for �.

1{6 The Edge-Disjoin t Cycle Co v er [ECC] problem is to �nd a col-

lection of cycles in G ( V ; E ) whic h are edge-disjoin t and whic h

include ev ery v ertex at least once. Commen t on the relationship

b et w een the optimization v ersion of �nding a co v er b y the small-

est n um b er of cycles and the Hamiltonian w alk problem. Analyze

the appro ximabilit y of ECC b y presen ting p ositiv e and negativ e

results.



Chapter 2

Appro ximation Sc hemes

Summar y: The c onc ept of an appr oximation scheme is de�ne d and

is il lustr ate d by pr esenting such schemes for multipr o c essor sche dul-

ing and the knapsack pr oblem. This de�nition is then str engthene d to

that of ful ly p olynomial appr oximation schemes and il lustr ate d via the

knapsack pr oblem. It is observe d that the existenc e of such schemes

is intimately r elate d to the existenc e of pseudo-p olynomial time algo-

rithms. The notion of str ong N P -c ompleteness is pr esente d and a

c onne ction is made with the existenc e of appr oximation schemes and

pseudo-p olynomial time algorithms.

Recall the result for CLIQUE whic h states that either R

M I N

= 1

or R

M I N

= 1 for that problem. W e had said that this is a \hardness"

result. Wh y should this not b e view ed as an \easiness" result? After

all, w e ha v e only to �nd an y b ounded-ratio appro ximation algorithm

for CLIQUE, and then that can b e turned in to an appro ximation algo-

rithm with a ratio arbitrarily close to 1. One reason for viewing this

as hardness result is similar to the commonly held view of an N P -

completeness result as a hardness result. The existence of a b ounded

ratio algorithm for CLIQUE w ould imply a result whic h seems m uc h

to o go o d to b e true, giv en the lac k of success in solving the problem

so far. Another reason is that not to o man y problems seem to ha v e

algorithms whic h can ac hiev e a ratio arbitrarily close to 1. W e will try

to pro vide some c haracterization of suc h problems in this part of the

35
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b o ok.

Let us start b y formalizing the notion of \ha ving an algorithm whic h

can ac hiev e a ratio arbitrarily close to 1."

De�nition 2.1: A n appro ximation sc heme for an optimization

pr oblem � is an algorithm A which takes as input b oth the instanc e

I and an err or b ound � , and has the p erformanc e guar ante e

R

A

( I ; � ) � (1 + � ) :

Notice that w e can view suc h an algorithm A as a family of algorithms

f A

�

: � > 0 g suc h that R

A

�

� 1 + � . Ho w ev er, the de�nition of

an appro ximation sc heme has the stronger requiremen t that the en tire

(in�nite) family of algorithms ha v e a �nite and uniform represen tation.

This is a v ery go o d solution to a hard optimization problem and most

p eople w ould consider a problem w ell-solv ed for all practical purp oses if

suc h an algorithm could b e found. As w e shall see, one can imp ose ev en

stronger conditions on the appro ximate solution to a problem. Our con-

v en tion has b een to assume implicitly that an appro ximation algorithm

m ust run in p olynomial time. Ho w ev er, for the sak e of tradition, w e

will mak e this explicit in the follo wing de�nition.

De�nition 2.2: A p olynomial appro ximation sc heme (P AS) is

an appr oximation scheme f A

�

g wher e e ach algorithm A

�

runs in time

p olynomial in the length of the input instanc e I .

W e w ould lik e to emphasize that the ab o v e de�nitions are made

in terms of the absolute p erformance ratios, and not the asymptotic

p erformance ratio. W e will see later that this is a crucial di�erence.

W e no w pro vide some examples of problems whic h p ermit of a P AS,

viz. SCHEDULING and KNAPSA CK.
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2.1. Appro ximation Sc heme for Sc hedul-

ing

Recall the m ultipro cessor sc heduling problem: Jobs J

1

, : : : , J

n

ha v e run-

times of p

1

, : : : , p

n

. They are to b e sc heduled on m mac hines/pro cessors

so as to minimi ze the �nish time. W e ha v e already seen some appro x-

imation algorithms with b ounded ratios for this problem. W e no w

presen t a P AS for this problem due to Graham [18 ].

Assume that n > m , and that the run-times are arranged in non-

increasing order (i.e. i < j implies that p

i

� p

j

). Note that the latter

assumption can b e easily ful�lled b y sorting the jobs based on their

run-times. Consider no w the algorithm A

k

whic h is de�ned for eac h

in teger k 2 [0 ; n ].

Algorithm A

k

:

Input: Run times of n jobs f p

1

; : : : ; p

n

g and pro cessor coun t m .

Output: A feasible sc hedule.

1. Sc hedule the �rst k jobs J

1

, : : : , J

k

optimally .

2. Starting with the partial sc hedule obtained in the previous step,

sc hedule the remaining jobs greedily using the LPT rule.

Recall that the LPT rule pic ks the next largest unsc heduled job

and sc hedules it on a pro cessor whic h has the least load curren tly . This

algorithm clearly runs in p olynomial time. As for its p erformance ratio,

w e ha v e the follo wing result due to Graham.

Theorem 2.1: R

A

k

� 1 +

1 �

1

m

1+

b

k

m

c

.

Pro of: Let K denote the �nish time of the sc hedule found in Step 1.

Clearly , if A

k

( I ) = K then this algorithm has found an optimal sc hedule
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and w e are done. Assume no w that the �nish time of the total sc hedule

is strictly greater than K . Then it m ust b e the case that there is some

job J

j

with j > k that is �nished at time A

k

( I ). This implies that

all pro cessors are busy during the time in terv al [0 ; A

k

( I ) � p

j

], since

otherwise the job J

j

w ould ha v e b een sc heduled earlier on. (Notice

that once a pro cessor b ecomes idle, it remains idle till the end of the

sc hedule.) Let T =

P

n

i =1

p

i

b e the total run-time of the n jobs. W eWhy c annot a

pr o c essor get a job

after b e c oming

id le?

no w conclude that

T � m ( A

k

( I ) � p

j

) + p

j

Since the jobs are arranged in non-increasing order of run-times, w e

ha v e that

T � mA

k

( I ) � ( m � 1) p

k +1

Observing that O P T ( I ) is at least T =m , w e ha v e the follo wing inequal-

it y .

A

k

( I ) � O P T ( I ) +

�

1 �

1

m

�

p

k +1

(2.1)

If w e can no w sho w that p

k +1

cannot b e to o large in terms of

O P T ( I )

�

, w e will ha v e the desired result. This ma y b e established

as follo ws. Consider the k largest jobs whic h w ere sc heduled in Step

1. In an optimal sc hedule, some pro cessor m ust b e assigned at least

1 + b k =m c of these k jobs. Since eac h of these has run-time at least as

large as J

k +1

, w e conclude that

O P T ( I ) �

�

1 +

j

k

m

k �

p

k +1

) p

k +1

�

O P T ( I )

1+

b

k

m

c

Com bining this with equation 2.1, w e ha v e the desired result.

2

W e can no w extract the promised P AS from the ab o v e result. Let

A

�

, for an y � > 0, b e the algorithm A

k

with k c hosen suc h that the

�

The pro of of an upp er b ound on R

A

( I ) usually consists of t w o parts. First,

there is an upp er b ound on A ( I ), p ossibly in terms of O P T ( I ) and some parameter

X ; then there is a lo w er b ound on O P T ( I ), p ossibly in terms of A ( I ) and X .

Eliminating X from these t w o inequalities giv es the upp er b ound.
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p erformance ratio of A

k

is at most 1 + � . V erify that this will b e the

case pro vided k �

1 � �

�

m . Ho w ev er, w e ha v e left out one crucial detail

in the description of the algorithm A

k

. Exactly ho w do es Step 1 get

implem en te d? It is not v ery hard to see that there is a brute-force

algorithm whic h compute an optimal sc hedule in time O( m

k

), for k

jobs on m pro cessors. The running time of this step is p olynomially

b ounded in the length of I for su�cien tly small v alues of m , sa y for

constan t m . W e ha v e established the follo wing theorem. Exactly how lar ge

c an m b e without

making the time

sup er-p olynomial?

Theorem 2.2: F or �xe d m , ther e is a p olynomial appr oximation

scheme for the m-pr o c essor sche duling pr oblem.

Notice that this algorithm is b y no means a practical algorithm ev en

for relativ ely small v alue of m . The running time is exp onen tial in 1 =�

and so w e cannot ask for ratios arbitrarily close to 1 without excessiv ely

increasing the running time. It is instructiv e to compute the running

time of A

�

for small v alues of � . F or example, �gure out the running

time when m = 10 and � = 0 : 1.

W e w ould lik e to p oin t out that this trade-o� b et w een the running-

time and the qualit y of the appro ximation obtained is an imp ortan t

feature of an y appro ximation sc heme. In general, w e w ould lik e the

trade-o� to b e suc h that the running time do es not increase to o fast

with a decrease in the p erformance ratio. W e will see this feature in

the appro ximation sc hemes presen ted in the next few sections.

2.2. Appro ximation Sc heme for Knapsac k

In the KNAPSA CK problem w e are required to �nd a subset of the

sp eci�ed items suc h that the total size of the subset do es not exceed the

knapsac k capacit y , while maximizi ng the sum of the pa y o�s asso ciated

with the items. More formally ,

Instances: Set U = f u

1

; : : : ; u

n

g of items where eac h item u

i

has a

size s

i

and a pr o�t p

i

asso ciated with it. The capacit y of the

knapsac k, B , is also sp eci�ed as a part of the input.



CHAPTER 2. APPR O XIMA TION SCHEMES P age 40

Solutions: Subset U

0

� U suc h that

P

u

i

2 U

0
s

i

� B .

V alue: The v alue of a solution is the total pro�t,

P

u

i

2 U

0
p

i

, of the items

pac k ed in to the knapsac k. The goal is to maximi ze the net pro�t.

As usual w e assume that the n um b ers in v olv ed in the input instance are

non-negativ e rationals. There is no loss of generalit y in requiring that

eac h item has size at most B . The follo wing greedy algorithm GA is an

ob vious appro ximation algorithm for knapsac k. The idea is to consider

the items one-b y-one in the order decreasing pro�t to size ratio. Eac h

item is inserted in to the knapsac k if adding it do es not cause the set of

curren t items to exceed the knapsac k capacit y .

Algorithm GA :

Input: The knapsac k size B , the item sizes f s

1

; : : : ; s

n

g and the

pro�ts f p

1

; : : : ; p

n

g .

Output: Subset of the items of total size at most B .

1. Sort the items in non-increasing order of their pro�t densities

p

i

=s

i

. A t this p oin t, w e ha v e that if i < j then p

i

=s

i

� p

j

=s

j

;

2. U

0

 ; ;

3. for i = 1 to n do b egin

if

P

j 2 U

s

j

� B � s

i

then U  U + i ;

end .

Unfortunately , this natural greedy algorithm do es not do w ell in

the w orst case. F or example, consider the case where there are only

t w o items { the �rst has size 1 and pro�t 2, while the second has

size B and pa y o� B . Surprisingly , there is a v ery simple mo di�cationWhat is R

GA

?

to GA whic h substan tially impro v es its p erformance. Let M GA b e

the Mo di�ed Greedy Algorithm whic h pic ks the b etter of the solutions

pro vided b y GA and the b est solution obtained b y pac king just one

item, i.e. the item with the largest pro�t, in to the knapsac k. W e lea v e

the pro of of the follo wing theorem as an easy exercise.
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Theorem 2.3: R

M GA

= 2

In 1975, Sahni [53] came up with a P AS for this problem. The

basic idea w as quite similar to the one used for the sc heduling problem.

F or all k , 0 � k � n , de�ne the algorithm A

k

as follo ws. First the

algorithm A

k

c ho oses a subset S of at most k items as b eing in the

knapsac k initially . Then it runs the algorithm GA using the remaining

items. This pro cess is rep eated for all p ossible c hoices of the k -set S .

This paradigm is generally referred to as k-enumer ation for ob vious

reasons. Almost ev ery P AS that has b een devised is based on this

approac h. The application of this idea to knapsac k giv es the follo wing

result.

Theorem 2.4: F or al l k , A

k

has a p erformanc e r ation R

A

k

� 1 +

1

k

and runs in time O( k n

k +1

) .

Pro of: The n um b er of subsets of size at most k is O( k n

k

). F or eac h

suc h subset the amoun t of w ork done b y A

k

is O( n ), implying the b ound

on the running time. W e no w turn our atten tion to the p erformance

ratio for A

k

. It can b e sho wn that the b ound on the p erformance ratio is

tigh t, the construction of an input instance for this is left as an exercise.

Let us �x our atten tion on an y one optimal solution, sa y X � U .

If j X j � k , then it is ob vious that A

k

will �nd an optimal solution

and w e are done. Assume then that x = j X j > k . Let the items

Y = f v

1

; : : : ; v

k

g � X b e the items with the largest pro�ts in X . The

remaining items Z = X n Y = f v

k +1

; : : : ; v

x

g all ha v e smaller pro�ts

than the items in Y , and are assumed to b e n um b ered in the order of

decreasing pro�t densit y p

i

=s

i

.

The algorithm A

k

will try Y as the initial k -set at some p oin t.

W e are only in terested in this one iteration of the algorithm. After

initializing the knapsac k to Y , the algorithm will greedily try to �t in to

the knapsac k all the remaining items one-b y-one in the order of their

pro�t densities. De�ne m as the index of the �rst item in the set Z

whic h is not placed in to the knapsac k b y the algorithm A

k

, i.e. items

v

k +1

, : : : , v

m � 1

are placed in to the knapsac k.
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The reason that the item v

m

did not get placed in the knapsac k

is that the remaining empt y space at that p oin t, sa y E , w as smaller

than s

m

. A t the time when v

m

is rejected the knapsac k con tains the

items from Y , the items v

k +1

, : : : , v

m � 1

and some items whic h are not

presen t in the optimal set X . Let G denote the items that are placed

in to the knapsac k so far b y the greedy stage of A

K

. (These are all the

items added to the knapsac k up to this p oin t that are not in Y .) It is

clear that the items in G n X are of total size � = B � E �

P

m � 1

i =1

s

i

.

Moreo v er, eac h of these items has pro�t densit y at least p

m

=s

m

since

they w ere considered earlier than v

m

b y the greedy stage of A

k

. It then

follo ws that

y

pr of it ( G ) �

m � 1

X

i = k +1

p

i

+ �

p

m

s

m

W e can no w write pr of it ( X ), the net pro�t of the optimal solution

X , as follo ws.

k

X

i =1

p

i

+

m � 1

X

i = k +1

p

i

+

x

X

i = m

p

i

� pr of it ( Y ) +

�

pr of it ( G ) � �

p

m

s

m

�

+

 

B �

m � 1

X

i =1

s

i

!

p

m

s

m

= pr of it ( Y ) + pr of it ( G ) + E

p

m

s

m

� pr of it ( Y [ G ) + p

m

Since the solution pro duced b y A

k

is a sup erset of Y [ G , w e get

O P T ( I ) � A ( I ) � p

m

. Noting that there are at least k items with

a higher pro�t than p

m

in X , viz. the items in Y , w e ha v e that

p

m

�

pr of it ( X )

k +1

. This completes the pro of.

2

T o obtain a P AS for KNAPSA CK, let A

�

b e the algorithm A

k

with

k =

l

1

�

m

.

y

W e will use pr of it ( T ) and siz e ( T ) to denote the total pro�t and size, resp ec-

tiv ely , of the items in the subset T .
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Corollary 2.1: Ther e exists a P AS for KNAPSA CK wher e the algo-

rithm A

�

runs in time n

O

(

1

�

)

.

2.3. F ully P olynomial Appro ximation

Sc hemes

Consider the running times of the algorithm A

�

in the P AS presen ted

ab o v e for KNAPSA CK and SCHEDULING { the running times are

really enormous ev en for reasonable v alues of � . The de�nition of fully

p olynomial appro ximation sc hemes is designed to remedy this short-

coming in the de�nition of a P AS.

De�nition 2.3: A fully p olynomial appro ximation sc heme

(FP AS) is an appr oximation scheme f A

�

g wher e e ach algorithm A

�

runs in time p olynomial in the length of the input instanc e I and 1 =� .

Assuming that P 6= N P , the existence of a FP AS is the b est one

can hop e for in the case of an N P -complete problem. Not surprisingly ,

there are v ery few N P -complete problems whic h p ermit of an FP AS.

One problem for whic h w e can demonstrate suc h a sc heme is KNAP-

SA CK. The basic idea b ehind the FP AS for KNAPSA CK is protot ypical

of most FP AS that are kno wn.

Let P P b e an algorithm for the exact solution of KNAPSA CK whic h

runs in time O( n

3

P log S B ), where P = max

i

p

i

and S = max

i

s

i

. F rom This do es not

imply that

P = N P even

though the running

time app e ars to b e

p olynomial. Do

you se e why not?

this w e construct an appro ximation algorithm A

K

for KNAPSA CK as

follo ws.

Algorithm A

K

:

Input: Knapsac k instance I with the pro�ts p

i

, sizes s

i

, and

knapsac k capacit y B .

Output: Subset of items of total size at most B .
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1. Construct an input instance I

K

with new pro�ts p

0

i

= b p

i

=K c ,

while lea ving ev erything else unc hanged.

2. Run algorithm P P on the instance I

K

to obtain a subset of the

items S whic h has total size not exceeding B .

3. return S .

W e deriv e an algorithm A

�

from A

K

b y setting K =

P

(

1

�

+1

)

n

. This

giv es us an FP AS for KNAPSA CK as pro v ed in the follo wing theo-

rem [28 ]. The running time is p olynomial in b oth the length of the

input and the in v erse of � .

Theorem 2.5: The algorithm A

�

runs in time O

�

n

3

log S B

�

�

and has

R

A

�

� 1 + � .

Pro of: The running time is easily obtained from the ab o v e de�ni-

tions. As for the p erformance ratio, �rst observ e that

O P T ( I ) � K � O P T ( I

K

) � K n

whic h implies that

O P T ( I ) � A

K

( I ) � K n

Note also that O P T ( I ) � P . W e can no w deriv e the desired b ound as

follo ws,

R

A

�

( I ) �

A

�

( I ) + K n

A

�

( I )

= 1 +

K n

A

�

( I )

� 1 +

K n

O P T ( I ) � K n

� 1 +

K n

P � K n

� 1 + �
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2

Basically , this FP AS starts o� with a slo w but exact algorithm for

KNAPSA CK, and then trades accuracy for sp eed b y means of a \scal-

ing" tec hnique. Of course, w e ha v e y et to sp ecify the algorithm P P ;

this is dealt with in the next section.

2.4. Pseudo-P olynomial Algorithms

The algorithm P P that w e promised in the last section is an example

of a pseudo-p olynomial algorithm . This is a class of algorithms whic h

runs in time that is p olynomial in the size of the n um b ers in v olv ed in an

input instance. Note that the usual de�nition of the length of an input

dep ends logarithmically in the size of the n um b ers used. Th us, suc h

algorithms are not really p olynomially b ounded in the length of the

input. In this section w e presen t a brief in tro duction to these notions.

Refer to the b o ok b y Garey and Johnson [15] for a more thorough

treatmen t of these concepts. W e will also p oin t out the connections

b et w een suc h algorithms and the construction of FP AS.

W e start o� b y de�ning the notion of a numb er pr oblem . A com-

binatorial optimization problem consists of t w o comp onen ts { a com-

binatorial comp onen t and a n umerical comp onen t. The former refers

to structures whic h are purely com binatorial in nature, suc h as graphs

and set systems. This comp onen t can b e though t of as structures whic h

are made up of atoms dra wn from some b ounded domains; these can

b e enco ded as v ectors o v er a �nite domain. The latter can b e though t

of as n um b ers whic h are dra wn from some un b ounded domain suc h as

in tegers or rationals. W e no w de�ne the follo wing t w o functions whic h

measure the size of the enco ding of an input instance assuming some

\reasonable" enco ding sc heme.

z

De�nition 2.4: Given any optimization pr oblem � and a r e asonable

enc o ding of the input instanc e for � , we de�ne LE N GT H ( I ) and

z

W e are presen ting only an in tuitiv e dev elopmen t here and the reader should

refer to [15 ] for a more formal treatmen t.
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M AX #( I ) as functions which map the input instanc es into p ositive

inte gers. The LE N GT H function me asur es the c ombinatorial size of

the input, and the M AX # function me asur es the size of the lar gest

numb er use d in the enc o ding.

F or example, in the case of the KNAPSA CK problem, w e ha v e

LE N GT H ( I ) = n and M AX #( I ) = max f P ; S g . W e can no w presen t

a more formal de�nition of p olynomial time and pseudo-p olynomial

time algorithms.

De�nition 2.5: A p olynomial time algorithm A for � runs in time

which is p olynomial ly b ounde d in LE N GT H ( I ) and log M AX #( I ) for

e ach input instanc e I .

De�nition 2.6: A pseudo-p olynomial time algorithm A for � runs

in time which is p olynomial ly b ounde d in LE N GT H ( I ) and M AX #( I )

for e ach input instanc e I .

Th us, our usual de�nition of an e�cien t algorithm refers to the

former class of algorithms, while the algorithm P P for KNAPSA CK

b elongs to the latter class of algorithms. Let us illustrate the latter

de�nition b y pro viding a pseudo-p olynomial algorithm for the P AR TI-

TION problem. This problem is N P -complete and is de�ned as follo ws.

An input instance consists of n p ositiv e in tegers, s

1

, : : : , s

n

, and a bag

size B . A feasible solution solution consists of a subset X � [1 ; : : : ; n ]

suc h that

P

i 2 X

s

i

= B . The decision v ersion of this problem is closely

related to the BIN P A CKING, SCHEDULING and KNAPSA CK prob-

lems.

Consider the algorithm D P [14] for P AR TITION whic h is based on

the paradigm of Dynamic Programming. The basic idea b ehind D P is

to construct the table T

i;j

, for 1 � i � n and 0 � j � B . The en tries in

the table are b o olean v alues suc h that T

i;j

= T RU E if and only if there

exists Y � [1 ; : : : ; i ] suc h that

P

l 2 Y

s

l

= j . This table T is constructed

in a ro w-b y-ro w fashion as follo ws.
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Algorithm DP :

Input: Bag size B and item sizes f s

1

; : : : ; s

n

g .

Output: T able T .

1. for all 1 � i � n do T

i; 0

 T RU E ;

2. for all 0 � j � B do T

1 ;j

 ( j = s

1

);

3. for j = 1 to B do T

i +1 ;j

 T

i;j

_ T

i;j � s

i +1

;

A simple induction pro of establishes that this algorithm will cor-

rectly compute the table T . T o decide the problem of P AR TITION,

it su�ces to c hec k the en try T ( n; B ). Actually , the algorithm can

b e easily mo di�ed to solv e the searc h problem of computing a set X .

This can b e done b y storing the set X

i;j

at the p osition T

i;j

suc h that

X

i;j

� [1 ; : : : ; i ] and

P

l 2 X

i;j

s

l

= j . Note that there ma y not b e a unique Do you se e how to

do this?

X

i;j

but it su�ces to store an y one set at eac h p osition in T . W e obtain

the follo wing theorem whic h implies that D P is a pseudo-p olynomial

time algorithm for P AR TITION.

Theorem 2.6: The algorithm D P solves the se ar ch version of the

P AR TITION pr oblem in time O( n

2

B ) .

W e no w sho w ho w to devise the pseudo-p olynomial time algorithm

P P for KNAPSA CK using some of the ideas from D P . Our goal is

no w to �nd a subset U

0

� U of total size at most B so as to maximiz e

the pr of it ( U

0

). The ob vious mo di�cation to D P w ould b e to store a Observe the close

r elation b etwe en

P AR TITION and

KNAPSA CK.

set X

i;j

at eac h eac h table en try T

i;j

as b efore, just ensuring that w e

pic k the set of maxim um p ossible pro�t out of all the sets whic h are

candidates for b eing X

i;j

. Unfortunately , this do es not w ork and there

are t w o problems whic h crop up.

The �rst problem is that w e get a running time that dep ends exp o-

nen tially on the length of B , while the scaling argumen t of the previous

section w orks only p ermits the running time of the algorithm P P to

dep end exp onen tially on the length of P . Secondly , it is not clear that



CHAPTER 2. APPR O XIMA TION SCHEMES P age 48

pic king the set X

i;j

of the largest pro�t is the righ t c hoice of a partial

solution. It ma y b e the case that only a lo w er pro�t subset of [1 : : : i ]

can b e extended to an optimal solution.

The w a y to �x the �rst problem is to ha v e the columns of T as b eing

in corresp ondence with the pro�ts of the sets rather than their sizes.

Note that the maxim um pro�t of an y set is nP , and in particular w e

ha v e that O P T ( I ) � nP .

De�nition 2.7: The b o ole an table T c onsists of entries T

i;j

, for 1 �

i � n and 0 � j � nP , such that T

i;j

= T RU E if and only if ther e

exists a set X

i;j

� [1 ; : : : ; i ] with siz e ( X

i;j

) � B and pr of it ( X

i;j

) = j .

In this de�nition, the en try T

i;j

tells us if there is a subset of the �rst i

items whic h is a feasible solution to KNAPSA CK and has v alue j .

The second problem that w e had men tioned can b e easily handled

once w e ha v e the follo wing fact. The pro of is ob vious.

Lemma 2.1: L et X , Y � [1 ; : : : ; i ] b e such that pr of it ( X ) =

pr of it ( Y ) = j and siz e ( X ) � siz e ( Y ) . Then, for al l Z � [ i + 1 ; : : : ; n ] ,

it is the c ase that siz e ( X [ Z ) � siz e ( Y [ Z ) .

This means that if an y candidate set X

i;j

can b e extended to an optimal

solution, then a candidate set of the smallest size can b e so extended.

Th us, w e can no w de�ne the sets X

i;j

as follo ws.

De�nition 2.8: Consider any entry T

i;j

in the table T . If T

i;j

=

F ALS E then X

i;j

= � , wher e � denotes that X

i;j

is unde�ne d. If

T

i;j

= T RU E , then X

i;j

is de�ne d as the subset X � [1 ; : : : ; i ] of the

smal lest size which has size at most B and pr o�t exactly j ; when no

such set exists the value of X

i;j

is unde�ne d.

It is no w fairly easy to come up with a strategy for computing the

T and X v alues inductiv ely in a ro w-b y-ro w fashion.

Algorithm PP :
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Input: Knapsac k capacit y B , item sizes s

i

and pro�ts p

i

.

Output: The tables T and X .

1. for all 1 � i � n do b egin

T

i; 0

 T RU E ;

X

i; 0

 ; ;

end ;

2. for all j 6= p

1

do b egin

T

1 ;j

 F ALS E ;

X

1 ;j

 � ;

end ;

3. T

1 ;p

1

 T RU E ;

4. X

1 ;v

1

 f 1 g ;

5. for i = 2 to n do b egin

for all 1 � j � nP do b egin

T

i +1 ;j

 T

i;j

_ T

i;j � p

i +1

;

X

i +1 ;j

is assigned the set of smallest size among X

i;j

and X

i;j � p

i +1

[ f i + 1 g . If only one of these is

de�ned then the c hoice is forced; when b oth are

unde�ned or infeasible, then X

i +1 ;j

= � .

end ;

end .

Once w e ha v e computed the tables X and T , the optimal solution

to KNAPSA CK can b e read o� from the column with highest index

whic h has a T RU E en try . The pro of of correctness is b y means of a

simple induction on i and is omitted. The follo wing theorem results.

Theorem 2.7: A lgorithm P P solves KNAPSA CK exactly in time

O( n

3

P log S B ) .

This result is due to Ibarra and Kim [28], and a more e�cien t FP AS

has b een presen ted b y La wler [39 ].
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2.5. Strong N P -completeness and FP AS

Let us try to b etter understand the implications of a pseudo-p olynomial

algorithms for N P -complete problems. Do es the existence of suc h an

algorithm imply that P = N P ? The answ er is no, b ecause the running

time is exp onen tial in log M AX #( I ) and the length of the input is as-

sumed to b e p olynomial in b oth LE N GT H ( I ) and log M AX #( I ) when

w e de�ne the notion of N P -completeness. Giv en this, it seems p ossible

that ev ery N P -complete problem has a pseudo-p olynomial time algo-

rithm, ev en if P 6= N P . But it is not v ery hard to see that if M AX #( I )

is p olynomially b ounded in LE N GT H ( I ), for ev ery instance I of �,

then the existence of a pseudo-p olynomial algorithm implies the exis-

tence of a p olynomial time algorithm. This b ound is v alid for ev ery

\non-n um b er" problem suc h as CLIQUE or HAM. W e conclude that it

is imp ossible to �nd pseudo-p olynomial algorithms for suc h problems

unless P = N P . This can b e formalized as follo ws [14, 15 ].

De�nition 2.9: Given any optimization pr oblem � , we de�ne the

pr oblem �

poly

as the pr oblem � r estricte d to only those instanc es I

wher e M AX #( I ) is p olynomial ly b ounde d in LE N GT H ( I ) .

De�nition 2.10: A n optimization pr oblem � is said to b e strongly

N P -complete if �

poly

is N P -c omplete.

It is clear that all non-n um b er problems are strongly N P -complete.

Moreo v er, it is fairly easy to see that the existence of pseudo-p olynomial

algorithms is quite unlik ely for an y n um b er problem whic h is strongly

N P -complete.

Theorem 2.8: Unless P = N P , a str ongly N P -c omplete pr oblem

c annot have a pseudo-p olynomial algorithm.

Some examples of strongly N P -complete n um b er problems are

BIN P A CKING, TSP and SCHEDULING. The standard N P -hardness

pro of of KNAPSA CK uses really large n um b ers so that do es not es-

tablish strong N P -completeness for this problem. (Of course, if w e
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b eliev e that P 6= N P then KNAPSA CK cannot b e strongly N P -

complete since w e ha v e already seen a pseudo-p olynomial algorithm

for it.) It is not ob vious ho w one ma y go ab out establishing strong

N P -completeness results. Most reductions for n um b er problems in-

v olv e really large n um b ers and th us sa y nothing ab out the hardness of

�

poly

. The follo wing theorem [14 , 15 ] pro v es to b e v ery helpful in this

regard.

Theorem 2.9: If �

1

is str ongly N P -har d, �

2

is in N P , and ther e is

a pseudo-p olynomial reduction fr om �

1

to �

2

, then �

2

is str ongly

N P -c omplete.

Here a pseudo-p olynomial reduction is a generalization of the usual

notion of p olynomial reduction, where it is required that the length of

the pro duced instance is not m uc h smaller than the original instance.

The pro of of the ab o v e theorem is fairly ob vious. The only problem

is that to apply this theorem w e m ust kno w of some strongly N P -

complete n um b er problem to start with. (Non-n um b er problems are

trivially strongly N P -complete, but they are not v ery useful in the

application of this theorem to n um b er problems since reductions from

them alw a ys seem to in v olv e large n um b ers.) Luc kily , there is a n um-

b er problem called 3-P AR TITION whic h is kno wn to b e strongly N P -

complete and this usually pla ys the role of the satis�abilit y problem

when pro ving strong N P -completeness results. Once again w e urge

the reader to refer to the b o ok of Garey and Johnson [15 ] for a more

comprehensiv e treatmen t of these ideas.

What do es all this ha v e to do with the appro ximation issue? It

turns out that all kno wn FP AS ha v e b een deriv ed b y the application of

a scaling-lik e tec hnique to a pseudo-p olynomial algorithm, just as in the

case of KNAPSA CK. It seems plausible then to argue that w e can �nd

an FP AS for a problem only if it is not strongly N P -complete. This

idea is formalized in the follo wing result due to Garey and Johnson [14].

Theorem 2.10: L et � b e an optimization pr oblem which has the pr op-

erty that for al l instanc es I , O P T ( I ) is p olynomial ly b ounde d in the

LE N GT H ( I ) and M AX #( I ) . If � has a FP AS, then � has a pseudo-

p olynomial algorithm.
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Pro of: W e will only deal with problems where all the n um b ers

in v olv ed are p ositiv e in tegers, although the follo wing pro of can b e gen-

eralized to the case of rationals to o. Let � = 1 = M AX O P T , where

M AX O P T is the b ound on the v alue of O P T that is guaran teed in

the theorem. Then 1 =� is p olynomially b ounded in LE N GT H ( I ) and

M AX #( I ).

Supp ose w e ha v e a FP AS for �, and assume without loss of gener-

alit y that � is a minimi zation problem. Then w e ha v e an algorithm A

�

whic h �nds a solution to an y instance of � suc h that

A

�

( I ) � (1 + � ) O P T ( I )

) A

�

( I ) � O P T ( I ) � � � O P T ( I ) < 1

The last inequalit y follo ws from the c hoice of � . Since the n um b ers

in v olv ed are all in tegers, this means that A

�

�nds an optimal solution.

Moreo v er, A

�

is a pseudo-p olynomial algorithm giv en our c hoice of � .

2

Corollary 2.2: L et � b e an inte ger optimization pr oblem such that

O P T ( I ) is p olynomial ly b ounde d in the LE N GT H ( I ) and M AX #( I ) .

If � is str ongly N P -c omplete , then � do es not have a FP AS.

Notice that this accoun ts for the t w o tec hnical conditions w e had

imp osed on the class of optimization problems w e are dealing with in

this b o ok. It is p ossible to �nd optimization problems whic h violate

the conditions of the corollary , but suc h problems do not arise naturally

in practice. A t this p oin t w e ha v e a fairly complete c haracterization

of problems whic h ha v e a FP AS. Since most in teresting problems are

strongly N P -complete, w e ma y as w ell forget ab out constructing FP AS

for them. It is still p ossible to construct P AS for suc h problems, e.g. the

one w e sa w for SCHEDULING. Ho w ev er, w e do not ev en kno w ho w to

construct a P AS for a large class of strongly N P -complete problems. It

is therefore quite natural to lo ok for negativ e results ab out the existence

of P AS. The follo wing theorem of Garey and Johnson pro v es to b e quite

useful for this purp ose; the pro of is trivial.
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De�nition 2.11: L et � b e an optimization pr oblem. The de cision

pr oblem �

K

is the pr oblem of de ciding, for a given instanc e I , whether

O P T ( I ) � K .

Theorem 2.11: L et � b e an inte ger optimization pr oblem. Supp ose

that the de cision pr oblem �

K

is N P -har d for some c onstant K . Then,

unless P = N P , ther e is no P AS for � and, in p articular, ther e do es

not exist any appr oximation algorithm A for � with R

A

< 1 + 1 =K .

Let us see ho w this theorem applies to sp eci�c problems. Consider

the COLORING problem of �nding a v ertex coloring of a graph with

the minim um n um b er of colors. It is w ell kno wn that c hec king that a

graph is 3-colorable is N P -hard. This implies that there is no P AS for

coloring, and that no algorithm can guaran tee a ratio b etter than 4 = 3.

Similarly , the problem of deciding if an instance of BIN P A CKING has

a solution with 2 bins is N P -hard { this is exactly the P AR TITION

problem. This implies that BIN P A CKING do es not ha v e a P AS and

that no algorithm can guaran tee a ratio b etter than 3 = 2.

A t this p oin t a discerning reader ma y start to protest at what seems

lik e a con tradiction in that w e ha v e already seen an algorithm for BIN

P A CKING whic h has a ratio m uc h b etter than 3 = 2. But note that

w e are talking only ab out absolute p erformance ratios in this section,

whereas the appro ximation algorithms for BIN P A CKING seen earlier

(suc h as FFD or BFD) guaran teed a go o d asymptotic p erformance ratio.

In fact, most p eople had assumed that strong N P -completeness ev en

implied that no Asymptotic P AS/FP AS could b e b e devised for the

problem, unless P = N P . It w as therefore a big sho c k when V ega and

Luek er [59] presen ted an Asymptotic P AS for Bin P ac king in 1981. This

sho c k w as comp ounded when Karmak ar and Karp [34] transformed this

result in to an Asymptotic FP AS for BIN P A CKING. These t w o results

will b e our next topic of discussion.

In conclusion, w e w ould lik e to o�er some observ ations ab out the

ab o v e dev elopmen t. Consider the SCHEDULING problem. It is a scal-

able problem, whic h implies that for ev ery appro ximation algorithm

it m ust b e the case that R

A

= R

1

A

. W e kno w of a P AS, and there-

fore an Asymptotic P AS, for this problem, but it is clear that there
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cannot b e ev en an Asymptotic FP AS (without leading to a FP AS and

therefore a pseudo-p olynomial algorithm) for SCHEDULING. This is

in con trast to BIN P A CKING whic h do es not ha v e a P AS, but do es

ha v e an Asymptotic FP AS!

2.6. Discussion

Sahni [54] giv es general tec hniques for constructing P AS and FP AS. F or

constructing a P AS, the tec hnique is k -en umeration whose applications

ha v e b een demonstrated ab o v e. The tec hniques for FP AS are round-

ing/scaling and in terv al partitioning, some asp ects of whic h w ere seen

ab o v e and are further demonstrated in the algorithms for BIN P A CK-

ING that follo w. An in teresting result of Korte and Sc hrader [36] sho ws

that essen tially the only w a y to construct P AS/FP AS is b y means of

these tec hniques. This result is pro v ed in the con text of indep endence

systems but app ear to b e reasonably p o w erful in their application.

Problems

2{1 Consider the KNAPSA CK problem de�ned in class. (Find a sub-

set of n items, with total size at most K , whic h maximi zes the

total v alue.)

a). Consider the Greedy Algorithm (GA). It �rst sorts the items

in decreasing order of their densit y d

i

=

v

i

s

i

. Then it considers

the items in this order and greedily adds an item to the curren t

knapsac k if the resulting size is at most K . Finally , it compares

the solution so obtained with the one in whic h only the maxim um

v alue item is placed in the knapsac k { c ho osing the b etter of these

t w o p ossible solutions. Sho w that R

GA

= 2.

b). Construct (and analyze) a P AS (p olynomial time appro xima-

tion sc heme) for the KNAPSA CK problem using GA .



Chapter 3

Bin P ac king

Summar y: Appr oximation schemes ar e pr esente d for BIN P A CKING,

including a P AS due to V e ga and Lueker, and an FP AS due to Kar-

makar and Karp. It is shown that the latter c an b e mo di�e d into an

appr oximation algorithm whose absolute err or is b ounde d by a p oly-

lo garithmic function in the value of the optimal solution.

It is clear from the preceding discussion that w e cannot exp ect to

�nd an y appro ximation sc hemes for BIN P A CKING, unless P = N P .

Ho w ev er, w e had said that the hardness result for BIN P A CKING do es

not preclude the existence of asymptotic appro ximation sc hemes. F or

the sak e of completeness, w e giv e a formal de�nition of suc h sc hemes.

De�nition 3.1: A n Asymptotic P AS (AP AS) is a family of algo-

rithms f A

�

j � > 0 g such that e ach A

�

runs in time p olynomial in the

length of the input and R

1

A

�

� 1 + � .

De�nition 3.2: A n Asymptotic FP AS (AFP AS) is a family of

algorithms f A

�

j � > 0 g such that e ach A

�

runs in time p olynomial in

the length of the input and 1 =� , while R

1

A

�

� 1 + � .

The �rst result that w e presen t is due to V ega and Luek er [59].

They pro vide an AP AS for BIN P A CKING whic h runs in line ar time

and has A

�

( I ) � (1 + � ) � O P T ( I ) + 1. The running time is linear in

55
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the LE N GT H ( I ) but turns out to b e sev erely exp onen tial in � . Note

that the reason this is an AP AS, and not a P AS, is the additiv e error

term of 1 in this b ound. The basic tec hniques used in this result w ere

similar to those used earlier for other problems suc h as Knapsac k [54].

These ma y b e summarized as follo ws:

� Elimination of \small" items.

� In terv al P artitioning or Linear Grouping.

� Rounding of \F ractional" Solutions.

W e then presen t the mo di�cation of this result due to Karmak ar

and Karp [34] whic h led to an AFP AS for BIN P A CKING. They ga v e

an appro ximation sc heme with a p erformance guaran tee similar to the

one describ ed ab o v e; the running time w as impro v ed to O

�

n log n

�

8

�

. In

fact, a v ariation of their ideas leads to a stronger result. This w as the

construction of an appro ximation algorithm A whic h is fully p olynomial

and has the p erformance guaran tee

A ( I ) � O P T ( I ) + O(log

2

O P T ( I ))

A t this p oin t there is no reason to b eliev e that w e cannot devise an

(asymptotic) appro ximation algorithm whic h runs in p olynomial time

and guaran tees that A ( I ) � O P T ( I ) + O(1). This is a ma jor op en

problem!

W e no w deriv e the results describ ed ab o v e. Our presen tation com-

bines the ideas of b oth V ega and Luek er, and Karmak ar and Karp, as

there is a considerable o v erlap in the basic to ols used b y them. The

basic approac h used in b oth results is as follo ws. W e �rst de�ne a re-

stricted v ersion of the problem where all items are reasonably large in

size, and the item sizes can only tak e on a few distinct v alues. This

v ersion of the BIN P A CKING problem turns out to reasonably easy

to solv e. W e then pro vide a reduction from the original problem in-

stance to a restricted problem instance in t w o steps. The �rst step is

to eliminate \small" items { it is sho wn that giv en an y pac king of the

remaining items, the small items can b e added in without increasing

the n um b er of bins used signi�can tly . The second step is to divide the
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item sizes in to m in terv als, and replace all items in the same in terv al

b y items of the same size. It turns out that this a�ects the v alue of the

optimal solution only marginally . In the next few sections, w e consider

eac h of these ingredien ts in turn and �nally sho w ho w they can all b e

tied together to giv e the AP AS/AFP AS.

3.1. Asymptotic Appro ximation Sc heme

The input to the BIN P A CKING problem consists of a set of n items,

where the size of the i

th

item is s

i

. W e will assume that eac h item size

is a rational n um b er in the in terv al (0 ; 1].

De�nition 3.3: F or any instanc e I = f s

1

; : : : ; s

n

g , let S I Z E ( I ) =

P

n

i =1

s

i

denote the total size of the n items, and let O P T ( I ) denote the

minimum numb er of unit size bins ne e de d to p ack the items.

W e no w giv e t w o inequalities relating these quan tities. The pro of

of the �rst lemma is ob vious. The second lemm a follo ws from a re-

sult giv en in Chapter 1 whic h sho w ed that the First Fit algorithm will

alw a ys �nd a solution that uses at most 2 � S I Z E ( I ) + 1 bins. This

is a constructiv e result in that there is a linear time algorithm whic h

guaran tees the b ound of Lemma 3.2.

Lemma 3.1: S I Z E ( I ) � O P T ( I ) � j I j = n .

Lemma 3.2: O P T ( I ) � 2 � S I Z E ( I ) + 1 .

W e will represen t an instance I as an or der e d list of items, writing

I = s

1

s

2

: : : s

n

suc h that 1 � s

1

� s

2

� � � � � s

n

> 0.

De�nition 3.4: L et I

1

= x

1

x

2

: : : x

n

and I

2

= y

1

y

2

: : : y

n

b e two in-

stanc es of e qual c ar dinality. The instanc e I

1

is said to dominate the

instanc e I

2

, or I

1

� I

2

, if it is the c ase that x

i

� y

i

, for al l i .
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The follo wing lemma is easily pro v ed b y noting that an y feasible

pac king of I

1

giv es a feasible pac king of I

2

, using the same n um b er of

bins.

Lemma 3.3: L et I

1

and I

2

b e two instanc es of e qual c ar dinality such

that I

1

� I

2

. Then, S I Z E ( I

1

) � S I Z E ( I

2

) and O P T ( I

1

) � O P T ( I

2

) .

W e de�ne a restricted v ersion of the BIN P A CKING problem as

follo ws. Supp ose that the item sizes in I tak e on only m distinct v alues.

No w the instance I can b e represen ted as a m ulti-set of items whic h

are dra wn from these m t yp es of items.

De�nition 3.5: Supp ose that we ar e given m distinct item sizes V =

f v

1

; : : : ; v

m

g , such that 1 � v

1

> v

2

> � � � > v

m

> 0 , and an instanc e

I of items whose sizes ar e dr awn only fr om V . Then, we c an r epr esent

I as multi-set M

I

= f n

1

: v

1

; n

2

: v

2

; : : : ; n

m

: v

m

g , wher e n

i

is a

non-ne gative inte ger denoting the numb er of items in I which have size

v

i

.

It follo ws that j M

I

j =

P

m

i =1

n

i

= n , S I Z E ( M

I

) =

P

m

i =1

n

i

v

i

=

S I Z E ( I ) and O P T ( M

I

) = O P T ( I ). W e no w de�ne the restricted

v ersion of the BIN P A CKING problem called RBP .

De�nition 3.6: F or al l 0 < � < 1 and p ositive inte gers m , the pr ob-

lem RB P [ � ; m ] is de�ne d as the BIN P A CKING pr oblem r estricte d to

instanc es wher e the item sizes take on at most m distinct values and

e ach item size is at le ast as lar ge as � .

In the next section w e sho w ho w to appro ximately solv e RB P via

a linear programming form ulation.

3.1.1. Restricted Bin P ac king

Assume that � and m are �xed indep enden tly of the input size n .

The input instance for RB P [ � ; m ] is a m ultiset M = f n

1

: v

1

; n

2

:
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v

2

; : : : ; n

m

: v

m

g suc h that 1 � v

1

> v

2

> � � � > v

m

� � . Let

n = j M j =

P

n

i =1

n

i

. In the follo wing discussion w e will assume that

the underlying set V for M is �xed. Note that, giv en M , it is trivial to

determine V and v erify that M is a v alid instance of RB P [ � ; m ].

Consider a pac king of some subset of the items in M in to a unit size

bin B . W e can denote this b y a m ultiset B = f b

1

: v

1

; b

2

: v

2

; : : : ; b

m

:

v

m

g suc h that b

i

is the n um b er of items of size v

i

that are pac k ed in to

B . More concisely , ha ving �xed V , w e can denote the pac king in B

b y the m -v ector B = ( b

1

; : : : ; b

m

) of non-negativ e in tegers. W e will sa y

that t w o bins pac k ed with items from M are of the same t yp e if the

corresp onding pac king v ectors are iden tical.

De�nition 3.7: A bin t yp e T is an m -ve ctor ( T

1

; : : : ; T

m

) of non-

ne gative inte gers such that

P

m

i =1

T

i

v

i

� 1 .

Ha ving �xed the set V , the collection of p ossible bin t yp es is fully

determined and is �nite. Let T

1

, : : : , T

q

denote the set of all legal bin Do you se e why?

t yp es with resp ect to V . Here q , the n um b er of distinct t yp es, is a

function of � and m . W e b ound the v alue of q as follo ws.

Lemma 3.4: L et k = b

1

�

c . Then,

q ( � ; m ) �

 

m + k

k

!

Pro of: Notice that eac h t yp e v ector T

t

= ( T

t

1

; : : : ; T

t

m

) has the

prop ert y that, for all i , T

t

i

� 0 and

P

m

i =1

T

t

i

v

i

� 1. It follo ws that

P

m

i =1

T

t

i

� k , since w e ha v e a lo w er b ound of � on the v alues in V .

Th us, eac h t yp e v ector corresp onds to a w a y of c ho osing m non-negativ e

in tegers whose sum is at most k . This is the same as c ho osing m + 1 non-

negativ e in tegers whose sum is exactly k . The n um b er of suc h c hoices

is an upp er b ound on the v alue of q . A standard coun ting argumen t

no w giv es the desired b ound.

2

Consider an y feasible solution x to an instance M of RB P [ � ; m ].

Eac h pac k ed bin in this solution can b e classi�ed as b elonging to one of
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the q ( � ; m ) p ossible t yp es of pac k ed bins. The solution x can therefore

b e sp eci�ed completely b y pro viding the n um b er of bins of eac h of the

q t yp es.

De�nition 3.8: A fe asible solution x to an instanc e M of RB P [ � ; m ]

is a q -ve ctor of non-ne gative inte gers, say x = ( x

1

; : : : ; x

q

) , wher e x

t

denotes the numb er of bins of typ e T

t

use d in x .

Notice that not all q -v ectors corresp ond to a feasible solution. A

feasible solution m ust guaran tee, for eac h i , that exactly n

i

items of

size v

i

are pac k ed in the v arious copies of the bin t yp es. The feasibilit y

condition can b e phrased as a series of linear equations as follo ws.

8 i 2 f 1 ; : : : ; m g ;

q

X

t =1

x

t

T

t

i

= n

i

Let the matrix A b e a q � m matrix whose t

th

ro w is the t yp e v ector

T

t

, and ~ n = ( n

1

; : : : ; n

m

) denote the m ultiplici tie s of the v arious item

sizes in the input instance M . Then the ab o v e set of equations can

b e concisely expressed as ~ x:A = ~ n . The n um b er of bins used in the

solution x is simply ~ x:

~

1 =

P

q

t =1

x

t

, where

~

1 denotes all-ones v ector. In

fact, w e ha v e pro v ed the follo wing lemma.

Lemma 3.5: The optimal solution to an instanc e M of RB P [ � ; m ] is

exactly the solution to the fol lowing in teger linear program ILP(M)

minimize ~ x:

~

1

subje ct to

~x � 0

~x:A � ~ n

Notice that w e ha v e replaced the equations b y inequalities, but that

do es not a�ect the v alidit y of the lemm a since a pac king of a sup erset of

M can alw a ys b e con v erted in to a pac king of M using the same n um b er
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of bins. It is also w orth noting that the matrix A is not determined a

priori but dep ends on the instance M .

Ho w easy is it to obtain this in teger program? Note that the n um b er

of constrain ts in ILP(M) is exp onen tially large in terms of � and m .

Ho w ev er, w e are going to assume that b oth � and m are constan ts

whic h are �xed indep enden tly of the length of the input, whic h is n .

Th us, obtaining ILP(M) requires time linear in n , giv en an y instance

M of cardinalit y n .

Ho w ab out solving ILP? Recall that the in teger programming prob-

lem is N P -complete in general [15]. Ho w ev er, there is an algorithm due

to Lenstra [41, 20 , 56 ] whic h solv es an y in teger linear program in time

linear in the n um b er of constrain ts, pro vided the n um b er of v ariables

is �xed. This is exactly the situation in ILP: the n um b er of v ariables

q is �xed indep enden t of n , as is the n um b er of constrain ts whic h is

q + m . Th us, w e can solv e ILP exactly in time whic h is indep enden t

of n . (A more e�cien t algorithm for appro ximately solving ILP will

b e describ ed in a later section.) The follo wing theorem results. Here

f ( � ; m ) is some constan t whic h dep ends only on � and m .

Theorem 3.1: A ny instanc e of RB P [ � ; m ] c an b e solve d in time O( n +

f ( � ; m )) .

3.1.2. Eliminatin g Small Items

In this section w e presen t the second ingredien t of the AP AS devised

b y V ega and Luek er. It is sho wn that if w e ha v e a pac king of all

items except those whose sizes are b ounded from ab o v e b y � , then it

is p ossible to obtain a pac king of all items whic h is not m uc h w orse in

its use of bins. This is summarized in the follo wing lemma; the rest of

this section is dev oted to the pro of of this lemma.

Lemma 3.6: Fix some c onstant � 2 (0 ;

1

2

] . L et I b e an instanc e of

BIN P A CKING and supp ose that al l items of size gr e ater than � have

b e en p acke d into � bins. Then it is p ossible to �nd in line ar time a

p acking for I which uses at most max f � ; (1 + 2 � ) � O P T ( I ) + 1 g bins.
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Pro of: The basic idea is to start with the pac king of the \large"

items and to use the greedy algorithm First Fit to pac k the \small"

items in to the empt y space in the � bins. The implem en tation of this

sc heme is not v ery imp ortan t. F or example, w e could start b y n um b er-

ing the � bins in an arbitrary fashion. Then the FF algorithm can b e

run as usual using this ordering to decide where eac h small item will

b e placed. If at some p oin t the small items do not �t in to an y of the

curren tly a v ailable bins, then a new bin is initiated.

The b est case is where the small items can all b e greedily pac k ed

in to the � bins whic h w ere op en initially . Clearly , the lemm a is v alid in

that case. Supp ose no w that some new bins w ere required for the small

items. W e claim that at the end of the en tire pro cess eac h of the bins

used for pac king I has at most � empt y space in it, with the p ossible

exception of at most one bin.

T o see this, consider the case where there are t w o bins with more

than � w asted space. Let these bins b e B

i

and B

j

, with i < j under the

ordering de�ned b y FF. It cannot b e the case that either of these t w o

bins is from the set of � bins whic h w ere a v ailable initially . Otherwise,

w e w ould ha v e pac k ed some small item in to that bin b efore op ening an y

new bin, con tradicting the assumption that new bins w ere required b y

FF. On the other hand, if b oth bins are new bins then w e w ould ha v e

pac k ed at least one of the items from B

j

in to B

i

b efore the bin B

j

w as

op ened.

Let �

0

> � b e the total n um b er of bins used b y FF. W e are guaran-

teed that all the bins, except one, are at least 1 � � full. This implies that

S I Z E ( I ) � (1 � � )( �

0

� 1). But w e kno w that S I Z E ( I ) � O P T ( I ),

implying that

�

0

�

1

1 � �

O P T ( I ) + 1 � (1 + 2 � ) � O P T ( I ) + 1

and w e ha v e the desired result.

2
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3.1.3. Linear Grouping

The �nal ingredien t needed for the AP AS is called In terv al P artitioning

or Linear Grouping. This is a tec hnique for con v erting an instance I of

BIN P A CKING in to an instance M of RB P [ � ; m ], for an appropriate

c hoice of � and m , without c hanging the v alue of the optimal solution

to o m uc h. Let us assume for no w that all the items in I are of size

at least � , for some c hoice of � 2 (0 ;

1

2

]. All that remains is to sho w

ho w to obtain an instance where the item sizes tak e on only m di�eren t

v alues. First, let us �x some parameter k , a non-negativ e in teger to b e

sp eci�ed later. W e no w sho w ho w to con v ert an instance of RB P [ � ; n ]

in to an instance of RB P [ � ; m ], for m = b n=k c .

De�nition 3.9: Given an instanc e I of RB P [ � ; n ] and a p ar ameter k ,

let m = b n=k c . De�ne the gr oups of items G

i

= s

( i � 1) k +1

: : : s

ik

, for

i = 1 ; : : : ; m , and let G

m +1

= s

mk +1

: : : s

n

.

Here the group G

1

con tains the k largest items in I , G

2

con tains

the next k largest items and so on. The follo wing fact is an easy con-

sequence of these de�nitions.

F act 3.1: G

1

� G

2

� � � � � G

m

.

F rom eac h group G

i

w e can obtain a new group of items H

i

b y

increasing the size of eac h item in G

i

to that of the largest item in that

group. The follo wing fact is also ob vious.

De�nition 3.10: L et v

i

= s

( i � 1) k +1

b e the lar gest item in gr oup G

i

.

Then the gr oup H

i

is a gr oup of j G

i

j items, e ach of size v

i

. In other

wor ds, H

i

= v

i

v

i

: : : v

i

and j H

i

j = j G

i

j .

F act 3.2: H

1

� G

1

� H

2

� G

2

� � � � � H

m

� G

m

.

The en tire p oin t of these de�nitions is to obtain t w o instances of

RB P [ � ; m ] suc h that their optimal solutions brac k et the optimal solu-

tion for I . These instances are de�ned as follo ws.
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De�nition 3.11: L et the instanc e I

LO

= H

2

H

3

: : : H

m +1

and I

H I

=

H

1

H

2

H

3

: : : H

m +1

.

Note that I

LO

is an instance of RB P [ � ; m ]. Moreo v er, it is easy

to see that I � I

H I

. W e no w presen t some prop erties of these three

instances.

Lemma 3.7:

O P T ( I

LO

) � O P T ( I ) � O P T ( I

H I

) � O P T ( I

LO

) + k

S I Z E ( I

LO

) � S I Z E ( I ) � S I Z E ( I

H I

) � S I Z E ( I

LO

) + k

Pro of: First, observ e that

I

LO

= H

2

H

3

: : : H

m

H

m +1

� G

1

G

2

: : : G

m � 1

X ;

where X is the an y set of j H

m +1

j items from G

m

. The righ t hand side

of this inequalit y is a subset of I , and this giv es us that O P T ( I

LO

) �

O P T ( I ) and S I Z E ( I

LO

) � S I Z E ( I ), using Lemma 3.3.

Observ e no w that I

H I

= H

1

I

LO

. Giv en an y pac king of I

LO

, w e can

obtain a pac king of I

H I

whic h uses at most k extra bins. (Just pac k

eac h item in H

1

in a separate bin.) This implies that O P T ( I

H I

) �

O P T ( I

LO

) + k and S I Z E ( I

H I

) � S I Z E ( I

LO

) + k . Since I � I

H I

, b y

using Lemma 3.3 w e get the remaining part of the desired result.

2

It is w orth noting that the result presen ted in this lemma is con-

structiv e. There is an O( n log n ) time algorithm whic h constructs the

instances I

LO

and I

H I

, and giv en an optimal pac king of I

LO

it is p ossi-Do you se e how to

actual ly �nd I

LO

and I

H I

, as wel l

as c onvert their

p acking into a

p acking of I ,

within the state d

time b ound?

ble to construct a pac king of I whic h meets the guaran tee of the ab o v e

lemma.

3.1.4. AP AS for Bin P ac king

W e no w put together all these ingredien ts and obtain the AP AS. The

algorithm A

�

, for an y � 2 (0 ; 1], tak es as input an instance I of BIN

P A CKING consisting of n items.
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Algorithm A

�

:

Input: Instance I consisting of n item sizes f s

1

; : : : ; s

n

g .

Output: A pac king in to unit-sized bins.

1. �  

�

2

2. Set aside all items of size smaller than � , obtaining an instance J

of RB P [ � ; n

0

] with n

0

= j J j .

3. k  

l

�

2

2

n

0

m

4. P erform linear grouping on J with parameter k . Let J

LO

b e the

resulting instance of RB P [ � ; m ] and J

H I

= H

1

[ J

LO

, with

j H

1

j = k and m =

j

n

0

k

k

.

5. P ac k J

LO

optimally using Lenstra's algorithm on I LP ( J

LO

).

6. P ac k the k items in H

1

in to at most k bins.

7. Obtain a pac king of J using the same n um b er of bins as in steps 6

and 7, b y replacing eac h item in J

H I

b y the corresp onding

(smaller) item in J .

8. Using F F , pac k all the small items set aside in step 2, using new

bins only if necessary .

Ho w man y bins do es A

�

use in the w orst case? Observ e that w e ha v e

pac k ed the items in J

H I

, hence the items in J , in to at most O P T ( J

LO

) +

k bins. Consider the no w the v alue of k in terms of the optimal solution.

Since all items ha v e size at least �= 2 in J , it m ust b e the case that

S I Z E ( J ) � �n

0

= 2. This implies that

k �

�

2

n

0

2

+ 1 � � � S I Z E ( J ) + 1 � � � O P T ( J ) + 1

Using Lemma 3.7, w e obtain that J is pac k ed in to a n um b er of bins

not exceeding

O P T ( J

LO

) + k � O P T ( J ) + � � O P T ( J ) + 1 � (1 + � ) � O P T ( J ) + 1
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Finally , Lemma 3.6 implies that, while pac king the small items at the

last step, w e use a n um b er of bins not exceeding

max f (1 + � ) � O P T ( J ) + 1 ; (1 + � ) � O P T ( I ) + 1 g � (1 + � ) � O P T ( I ) + 1

since O P T ( J ) � O P T ( I ). W e ha v e obtained the follo wing theorem.

Theorem 3.2: The algorithm A

�

�nds a p acking of I into at most

(1 + � ) � O P T ( I ) + 1 bins in time c ( � ) n log n , wher e c ( � ) is a c onstant

dep ending only on � .

F or the running time, note that the only really exp ensiv e step in the

algorithm is the one where w e solv e I LP using Lenstra's algorithm. As

w e observ ed earlier, that this requires time linear in n , although it ma y

b e sev erely exp onen tial in � and m whic h are functions of � .

3.2. Asym totic F ully P olynomial Sc heme

Our next goal is to con v ert the preceding AP AS in to an AFP AS. The

reason that the ab o v e sc heme is not fully p olynomial is the use of the

algorithm for in teger linear programming whic h requires time exp onen-

tial in 1 =� . W e no w a describ e a tec hnique for getting rid of this step via

the construction of a \fractional" solution to the restricted bin pac king

problem, and a \rounding" of this to a feasible solution whic h is not

v ery far from optimal. This is based on the ideas due to Karmak ar and

Karp.

3.2.1. F ractional Bin P ac king and Rounding

Consider again the problem RB P [ � ; m ]. By the preceding discussion,

an y instance I of this problem can b e form ulated as the in teger linear

program I LP ( I ).

minim iz e ~ x :

~

1

sub ject to
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~ x � 0

~ x:A = ~ n

Notice that w e are no w using equalit y in the last constrain t. Recall

that A is a q � m matrix, ~ x is a q -v ector and ~ n is an m -v ector. The bin

t yp es matrix A , as w ell as ~ n , are determined b y the instance I .

Consider no w the linear programming relaxation of I LP ( I ). This

system LP ( I ) is exactly the same as I LP ( I ), except that w e no w relax

the requiremen t that ~ x b e an in teger v ector. Recall that S I Z E ( I ) is

the total size of the items in I , and that O P T ( I ) is the v alue of the

optimal solution to I LP ( I ) as w ell as the smallest n um b er of bins in to

whic h the items of I can b e pac k ed.

De�nition 3.12: LI N ( I ) is the value of the optimal solution to

LP ( I ) , the line ar pr o gr amming r elaxation of I LP ( I ) .

What do es a non-in teger solution to LP ( I ) mean? The v alue of x

i

is a real n um b er whic h denotes the n um b er of bins of t yp e T

i

whic h

are used in the optimal pac king. One ma y in terpret this as sa ying that

items can b e \brok en up" in to fractional parts, and these fractional

parts can then b e pac k ed in to fractional bins. This in general w ould

giv e us a solution of v alue S I Z E ( I ), but k eep in mind that the con-

strain ts in LP ( I ) do not allo w an y arbitrary \fractionalization". The

constrain ts require that in an y fractional bin, the items pac k ed therein

m ust b e the same fraction of the original items. Th us, this solution

do es capture some of the features of the original problem. W e will refer

to the solution of LP ( I ) as a fr actional bin p acking .

T o analyze the relationship b et w een the fractional and in tegral so-

lutions to an y instance w e will ha v e to use some basic facts from the

theory of linear programming. The uninitiated reader is referred to an y

standard text-b o ok for a more complete treatmen t, e.g. see the b o ok

b y P apadimitriou and Steiglitz [48].

Consider the system of linear equations implicit in the constrain t

�

~ x:A = ~ n . Here w e ha v e m linear equations in q v ariables, where q is

�

W e will ignore the non-negativit y constrain ts for no w as they do not b ear up on

the follo wing discussion.
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m uc h larger than m . This is an o v erconstrained system of equations.

Let us assume that r ank ( A ) = m ; it is easy to mo dify the follo wing

analysis when r ank ( A ) < m . Assume, without loss of generalit y , thatMake sur e you se e

how to hand le the

c ase wher e the

r ank is smal ler.

the �rst m ro ws of A form a basis, i.e. they are linearly indep enden t.

The follo wing are standard observ ations from linear programming the-

ory .

De�nition 3.13: A basic feasible solution to LP is a solution ~ x

�

such that only the entries c orr esp onding to the b asis of A ar e non-zer o.

In other wor ds, x

�

i

= 0 for al l i > m .

F act 3.3: Every LP has an optimal solution which is a b asic fe asible

solution.

W e can no w deriv e the follo wing lemma whic h relates LI N ( I ) to

b oth S I Z E ( I ) and O P T ( I ).

Lemma 3.8: F or al l instanc es I of RB P [ � ; m ] ,

S I Z E ( I ) � LI N ( I ) � O P T ( I ) � LI N ( I ) +

m + 1

2

Pro of: The v alue of an y solution ~ x to LP ( I ) is

P

q

i =1

x

i

. It is easy to

see that the total n um b er of times the item j is pac k ed in an y fractional

solution is exactly n

j

, giv en the constrain t of A . This implies the �rst

inequalit y . The second inequalit y follo ws from the observ ation that an

optimal solution to I LP ( I ) is also a feasible solution to LP ( I ).

T o see the last inequalit y , �x I and let ~y b e some basic feasible

solution to LP ( I ). Since ~y has at most m non-zero en tries, it uses only

m di�eren t t yp es of bins. Rounding up the v alue of eac h comp onen t

of ~y will increase the n um b er of bins b y at most m , and will yield a

solution to I LP . The b ound promised in the lemma is sligh tly stronger

and ma y b e observ ed as follo ws. De�ne the v ectors ~w and ~ z as b elo w.

8 i; w

i

= b y

i

c

8 i; z

i

= y

i

� w

i
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The v ector ~w is the in teger part of the solution and ~ z is the fractional

part. Let J denote the instance of RB P [ � ; m ] whic h consists of the

items not pac k ed in the (in tegral) solution sp eci�ed b y ~w . The v ector

~ z giv es a fractional pac king of the items in J , suc h that eac h of the m

bin t yp es is used a n um b er of times whic h is a fraction less than 1. It

is easy to see that ~ z is an optimal fractional pac king for J . It follo ws Pr ove that ~z is

inde e d an optimal

fr actional p acking

of J .

that

S I Z E ( J ) � LI N ( J ) �

m

X

i =1

z

i

� m

By Lemma 3.2 w e kno w that

O P T ( J ) � 2 � S I Z E ( J ) + 1

It is also ob vious that O P T ( J ) � m , since rounding eac h non-zero z

i

up to 1 giv es a feasible pac king of J . Th us, w e ha v e that

O P T ( J ) � min f m; 2 � S I Z E ( J ) + 1 g

� S I Z E ( J ) + min f m � S I Z E ( J ) ; S I Z E ( J ) + 1 g

� S I Z E ( J ) +

m + 1

2

W e needed to b ound O P T ( I ) in terms of LI N ( I ) and m , and this ma y

b e done as follo ws

O P T ( I ) � O P T ( I � J ) + O P T ( J )

�

m

X

i =1

w

i

+

�

S I Z E ( J ) +

m + 1

2

�

�

m

X

i =1

w

i

+ LI N ( I ) +

m + 1

2

=

m

X

i =1

w

i

+

m

X

i =1

z

i

+

m + 1

2

= LI N ( I ) +

m + 1

2
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This completes the pro of.

2

It is not v ery hard to see that all of the ab o v e is constructiv e. More

precisely , giv en the solution to LP ( I ), w e can construct in linear time

a solution to I suc h that the b ound from the ab o v e theorem is met.

The only problem is that it is not ob vious that w e can solv e the linear

program in fully p olynomial time, ev en though there exist p olynomial

time algorithms for linear programming [33], unlik e the general problem

of in teger programming. The reason is that the n um b er of v ariables is

still exp onen tial in 1 =� . All w e ha v e ac hiev ed is that w e no longer need

to solv e an in teger program.

Karmak ar and Karp sho w ed ho w to get around this problem b y

resorting to the Ellipsoid metho d of Gr• otsc hel, Lo v� asz and Sc hri-

jv er [19, 20 , 56 ]. In this metho d, it is p ossible to solv e a linear program

with an exp onen tial n um b er of constrain ts in time whic h is p olynomial

in the n um b er of v ariables and the n um b er sizes, giv en a sep ar ation or a-

cle . A separation oracle tak es an y prop osed solution v ector ~ x and either

guaran tees that it is a feasible solution, or pro vides an y one constrain t

whic h is violated b y it. Karmak ar and Karp ga v e an e�cien t construc-

tion of a separation oracle for LP ( I ). This w ould result in a p olynomial

time algorithm for LP ( I ) if it had a small n um b er of v ariables, ev en if it

has an exp onen tial n um b er of constrain ts. Unfortunately , our situation

is exactly the rev erse: w e ha v e a small n um b er of constrain ts and an

exp onen tial n um b er of v ariables. Ho w ev er, it is p ossible to get around

this problem b y considering the dual line ar pr o gr am for LP ( I ). This

has the desired features of a small n um b er of v ariables, and its optimal

solution corresp onds exactly to the optimal solution of LP ( I ).

One imp ortan t detail is that that it is imp ossible to solv e LP ( I )

exactly in fully p olynomial time. Ho w ev er, it can b e solv ed within an

additiv e error of 1 in fully p olynomial time. Moreo v er, the implem en-

tation of the separation oracle is in itself an appro ximation algorithm.

The idea b ehind this is due to Gilmore and Gomory [17] who observ ed

that, in the case of an infeasible prop osed solution, a violated constrain t

can b e computed via the solution of a knapsac k problem. Since this is

N P -complete, one m ust resort to the use of an appro ximation sc heme
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for KNAPSA CK. Due to all this the solution of the dual is not exact

but a close appro ximation. This w as used b y Karmak ar and Karp to

obtain an appro ximate lo w er b ound to the original problem's optimal

v alue. Ha ving devised the pro cedure for e�cien tly computing an ap-

pro ximate lo w er b ound, they then used this to actually construct an

appro ximate solution.

This algorithm is rather formidable and the details are omitted as

it is outside the scop e of this b o ok. The follo wing theorem results.

Theorem 3.3: Ther e is a ful ly p olynomial time algorithm A for solving

an instanc e I of RB P [ � ; m ] such that A ( I ) � LI N ( I ) +

m +1

2

+ 1 .

3.2.2. AFP AS for Bin P ac king

W e are no w ready to presen t the AFP AS for BIN P A CKING. W e will

need the follo wing v arian t of Lemma 3.7. The pro of is almost the same

and is left as an exercise.

Lemma 3.9: Using the line ar gr ouping scheme on an instanc e I of

RB P [ � ; n ] , we obtain an instanc e I

LO

of RB P [ � ; m ] and a gr oup H

1

such that, for I

H I

= H

1

I

LO

,

LI N ( I

LO

) � LI N ( I ) � LI N ( I

H I

) � LI N ( I

LO

) + k

The basic idea b ehind the AFP AS of Karmak ar and Karp is v ery

similar to that used in the AP AS. W e �rst eliminate all the small items,

and then apply linear grouping to the remaining items. The resulting

instance of RB P [ � ; m ] is then form ulated as an I LP , and the solution

to the corresp onding relaxation LP is computed using the Ellipsoid

metho d. The fractional solution is then rounded to an in teger solution.

The small items are then added in to the resulting pac king exactly as

b efore.

Algorithm A

�

:
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Input: Instance I consisting of n item sizes f s

1

; : : : ; s

n

g .

Output: A pac king in to unit-sized bins.

1. �  

�

2

.

2. Set aside all items of size smaller than � , obtaining an instance J

of RB P [ � ; n

0

] with n

0

= j J j .

3. k  

l

�

2

n

0

2

m

4. P erform linear grouping on J with parameter k . Let J

LO

b e the

resulting instance of RB P [ � ; m ] and J

H I

= H

1

[ J

LO

, with

j H

1

j = k and m =

j

n

0

k

k

.

5. P ac k the k items in H

1

in to at most k bins.

6. P ac k J

LO

using the Ellipsoid metho d and rounding the resulting

fractional solution.

7. Obtain a pac king of J using the same n um b er of bins as used for

J

H I

, b y replacing eac h item in J

H I

b y the corresp onding

(smaller) item in J .

8. Using F F , pac k all the small items set aside in step 2, using new

bins only if necessary .

Theorem 3.4: The appr oximation scheme f A

�

: � > 0 g is an AFP AS

for BIN P A CKING such that

A

�

( I ) � (1 + � ) � O P T ( I ) +

1

�

2

+ 3

Pro of: The running time is dominated b y the time required to solv e

the linear program, and w e are guaran teed that this is fully p olynomial.

The n um b er of bins used to pac k the items in J

LO

is easily seen to

b e at most

( LI N ( J

LO

) + 1) +

m + 1

2

� O P T ( I ) +

1

�

2

+ 2
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giv en the preceding lemmas and the c hoice of m . The n um b er of bins

used to pac k the items in H

1

is at most k , whic h in turn can b e b ounded

as follo ws using the observ ation that O P T ( J ) � S I Z E ( J ) � �n

0

= 2.

k �

&

n

0

�

2

2

'

� � � O P T ( J ) + 1 � � � O P T ( I ) + 1

Th us, the total n um b er of bins used to pac k the items in J cannot

exceed

(1 + � ) � O P T ( I ) +

1

�

2

+ 3

The n um b er of bins used after the addition of the small items can b e

b ounded using Lemma 3.6. This giv es the desired result.

2

3.3. Near-Absolute Appro ximation

W e conclude b y presen ting a tec hnique of Karmak ar and Karp whic h

giv es an appro ximation algorithm with an error that is b ounded b y a

slo wly increasing function of O P T ( I ). This result is a step to w ards

devising an absolute appro ximation algorithm for BIN P A CKING. In

fact, Johnson [29] had observ ed that the V ega-Luek er sc heme could b e

mo di�ed to construct an appro ximation algorithm with a p erformance

b ounded b y O P T ( I ) + O

�

O P T ( I )

1 � �

�

, for some p ositiv e constan t � ,

b y letting the v alue of � dep end on the instance I . Here w e will presen t

a new tec hnique whic h leads to a p erformance b ounded b y O P T ( I ) +

O

�

log

2

O P T ( I )

�

.

The new tec hnique is a v arian t of linear grouping called ge ometric

gr ouping . T o motiv ate this, let us �rst try to pinp oin t the exact sources

of sub-optimalit y in the preceding AFP AS. This sc heme dep ends on

the grouping parameter k , whic h leads to an instance with m di�eren t

item sizes, where m � n=k . There are t w o main sources of error in

this sc heme. The �rst is in the solution of the restricted bin pac king

problem, where the rounding error dep ends on the n um b er of item

sizes m . Then there is an error due to the replacemen t of the original

instance b y a discretized instance consisting of at most m di�eren t item
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sizes. This last error is roughly the v alue of k . Since the small items

are easily handled, w e can assume that the v alue of S I Z E ( I ) is at least

� n . Th us, w e cannot c ho ose the v alue of k to b e greater than �� n . It

is then clear that c ho osing � close to � and k � �

2

n , w e will get the

desired appro ximation.

The w a y to impro v e this error is to reduce the v alue of k closer to

a constan t. But then the v alue of m will increase corresp ondingly and

w e w ould not ha v e gained an ything. The k ey insigh t of Karmak ar and

Karp w as that it is not really necessary to pa y the p enalt y of an error

of m in rounding the fractional solution. Recall that the solution to

LP ( I ) w as brok en up in to an in tegral part ~w and a fractional part ~ z .

After pac king some of the items as sp eci�ed b y ~w , the remaining items

w ere though t of as an instance J whose optimal fractional solution w as

exactly the solution sp eci�ed b y ~ z . The error of m came from the

brute force solution of the instance J . The new idea w as to iterate the

appro ximation algorithm on this instance J . This seems lik e a v ery

natural idea but the problem with implem en ti ng it is that w e are not

guaran teed that the iterated pro cess will terminate. Consider the linear

program de�ned b y J , one of its optimal solutions is exactly the v ector

~ z . Th us, iterating the pro cess could k eep giving us the same solution ~ z

for J , whose in tegral part is zero.

It is for this reason that Karmak ar and Karp in tro duced the tec h-

nique of geometric grouping. Their approac h is to use a di�eren t group-

ing, ev en a di�eren t parameter k , at eac h stage of the iteration. More-

o v er, the exact form of the grouping is hea vily dep enden t on the distri-

bution of the item sizes in the instance. Th us, a new grouping w ould

b e used for J , guaran teeing that the v alue of m decreases b y a constan t

fraction. This w ould imply a sp eedy termination. W e giv e a more

formal, and less in tuitiv e, description of these ideas b elo w.

Fix some instance I of BIN P A CKING and consider the follo wing

de�nitions.

De�nition 3.14: L et � = x

n

b e the size of the smal lest item in I , and

de�ne � =

j

log

2

1

�

k

.

De�nition 3.15: Denote by I

r

the instanc e of BIN P A CKING which
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c onsists of the items in I whose sizes lie in the interval

�

1

2

r +1

;

1

2

r

i

, for

r = 0 ; 1 ; : : : ; � .

This a geometric partitioning of the items in I in to sets of items of

roughly the same size, i.e. within a factor of t w o. The formal de�nition

of ge ometric gr ouping is as follo ws.

De�nition 3.16: The ge ometric gr ouping of I , with p ar ameter k , is

obtaine d by applying line ar gr ouping to e ach instanc e I

r

using the p a-

r ameter k

r

, wher e k

r

= k 2

r

. L et I

r

LO

and I

r

H I

= G

r

1

[ I

r

LO

b e the outc ome

of the line ar gr oupings, with j G

r

1

j = k

r

. Then the outc ome of the ge-

ometric gr ouping c onsists of the instanc es I

LO

and I

H I

= G

1

[ I

LO

,

which ar e de�ne d as fol lows.

I

LO

= [

r

I

r

LO

I

H I

= [

r

I

r

H I

G

1

= [

r

G

r

1

Notice that w e are no w de�ning I

H I

= G

1

[ I

LO

, instead of I

H I

=

H

1

[ I

LO

as b efore. This could w ell ha v e b een done in the earlier

argumen ts without a�ecting the analysis in an y w a y . The follo wing

lemma corresp onds to Lemmas 3.7 and 3.9 that w ere pro v ed for linear

grouping.

Lemma 3.10:

O P T ( I

LO

) � O P T ( I ) � O P T ( I

H I

) � O P T ( I

LO

) + k �

LI N ( I

LO

) � LI N ( I ) � LI N ( I

H I

) � LI N ( I

LO

) + k �

S I Z E ( I

LO

) � S I Z E ( I ) � S I Z E ( I

H I

) � S I Z E ( I

LO

) + k �

Pro of: The pro of is v ery similar to the pro of of Lemma 3.7. It is

easy to sho w that the follo wing inequalities hold.

O P T ( I

LO

) � O P T ( I ) � O P T ( I

H I

) � O P T ( I

LO

) + O P T ( G

1

)
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W e can easily sho w a similar series of inequalities for LI N and S I Z E .

No w notice that G

1

= [

r

G

r

1

and that eac h G

r

1

consists of k

r

items of

size at most 1 = 2

r

eac h. Clearly , the items in eac h G

r

1

can b e pac k ed in to

k bins. Th us, w e obtain that S I Z E ( G

r

1

) � LI N ( G

r

1

) � O P T ( G

r

1

) � k .

Summing o v er all r , this implies that

S I Z E ( G

1

) � LI N ( G

1

) � O P T ( G

1

) � k �

Plugging in these b ounds giv es the desired result.

2

The next lemm a is the crucial one { it sho ws that the n um b er of

distinct item sizes after the geometric grouping is m uc h less than the

size of the original input. Here w e denote the n um b er of distinct item

sizes in an y instance X b y m ( X ).

Lemma 3.11: m ( I

LO

) �

2

k

� S I Z E ( I ) + �

Pro of: Observ e that

S I Z E ( I

r

) � j I

r

j :

1

2

r +1

� ( m ( I

r

LO

) � 1) � ( k 2

r

) �

1

2

r +1

Up on rearranging, w e obtain that

m ( I

r

LO

) �

2

k

� S I Z E ( I

r

) + 1

Summed o v er all r , this giv es the desired result.

2

W e are no w ready to describ e the o v erall algorithm. This algorithm

is parametrized b y the t w o v alues � and k , these will b e sp eci�ed later.

Algorithm A ( � ; k ):

Input: Instance I consisting of n item sizes f s

1

; : : : ; s

n

g .

Output: A pac king in to unit-sized bins.
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1. Discard all items of size smaller than � , obtaining an instance J of

RB P [ � ; n

0

] with n

0

= j J j .

2. while S I Z E ( J ) > 1 +

k

k � 1

ln

1

�

do b egin

P erform geometric grouping with parameter k to get J

LO

and J

H I

= G

1

[ J

LO

.

P ac k G

1

in to k � bins, b y putting eac h item in to a

separate bin.

Solv e J

LO

via the LP form ulation and let ~y b e the

optimal basic feasible solution obtained.

De�ne ~w and ~ z as the in tegral and fractional parts,

resp ectiv ely , of the solution ~ y . P ac k a subset of the items

in J

LO

as p er the v ector ~w , and from this obtain a

pac king of the corresp onding items in J .

Rede�ne J to b e the items left o v er, i.e. those items

whose pac king is sp eci�ed b y the fractional part ~ z .

end ;

3. P ac k the remaining items in to at most 1 +

k

k � 1

ln

1

�

bins.

4. Using F F , pac k all the small items set aside in step 1, using new

bins only if necessary .

Ho w m uc h time will this algorithm tak e? Assume that w e will

c ho ose k to b e a large constan t. Let the t

th

iteration start with

the instance J

t

and end with an instance J

t +1

. By Lemma 3.11

w e kno w that m ( J

t +1

) = O( S I Z E ( J

t

) =k ). Moreo v er, w e kno w that

S I Z E ( J

t +1

) � m ( J

t

) since the fractional solution ~ z uses eac h of the

m basic bin t yp es at most once. F rom this it is easy to see that

m ( J

t

) �

S I Z E ( J

1

)

k

t � 1

. W e conclude that the n um b er of iterations is

b ounded b y O(log S I Z E ( J )) or O(log n ). Since eac h iteration and

ev ery other step runs in fully p olynomial time, w e ha v e that the en tire

algorithm runs in fully p olynomial time.

W e presen t only an o v erview of the analysis of the n um b er of bins

used; the reader is referred to the original pap er for complete details.

Note that the main source of error is the brute force pac king of G

1



CHAPTER 3. BIN P A CKING P age 78

in to k � bins in eac h iteration. Since the n um b er of iterations has

b een b ounded ab o v e, w e obtain that the total error in the pac king

is O( k � log S I Z E ( I )). Supp ose w e c ho ose � = 1 =S I Z E ( I ). Then

w e ha v e that the total error is O(log

2

S I Z E ( I )). This giv es us the

follo wing theorem.

Theorem 3.5: The algorithm A ( � ; k ) , for k > 2 and � = 1 =S I Z E ( I ) ,

wil l take an instanc e I of BIN P A CKING and in ful ly p olynomial time

pr o duc e a solution such that

A ( I ) � O P T ( I ) + O

�

log

2

O P T ( I )

�

3.4. Discussion

There are sev eral v arian ts of the bin pac king problem, all of whic h are

N P -complete. In most of these cases, it is reasonably easy to come up

with b ounded ratio appro ximations. These v arian ts can b e classi�ed

under four di�eren t headings.

� pac kings in whic h the n um b er of items p er bin is b ounded

� pac kings in whic h certain items cannot b e pac k ed in to the same

bin

� pac kings in whic h there are constrain ts (e.g. partial orders) on

the w a y in whic h the items are pac k ed

� dynamic pac kings in whic h items ma y b e added and deleted

There are also some generalizations of the basic pac king problem. Some

examples are v ariable-sized bins and m ulti-dim e nsional bin pac king. W e

refer the reader to the surv ey article b y Co�man, Garey and John-

son [12] for further details. It is p ossible to devise appro ximation

sc hemes for some of these cases, generally based on the ideas describ ed

here. An example is the appro ximation sc heme for the case of v ariable-

sized bins due to Murgolo [45 ]. Sev eral op en problems remain, most
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notably in the case of on-line bin pac king and m ulti-dim ensional bin

pac king. There is a big gap b et w een the upp er and lo w er b ound on the

ac hiev able ratios for m ulti-dim e nsional bin pac king { it is exp onen tial

in the dimension.

Problems

3{1 Consider the VECTOR P A CKING problem whic h is a m ulti-

dimensional v ersion of the BIN P A CKING problem.

Instance: A list of d -dimensional v ectors I = f ~ x

1

; : : : ; ~ x

n

g suc h

that eac h comp onen t of eac h v ector b elongs to the in terv al

(0 ; 1].

F easible Solution: A pac king of these v ectors in to bins, where

a bin can hold a collection of v ectors if and only if the sum of

these v ectors is dominated b y the all-ones v ectors, i.e. eac h

comp onen t of the sum is at most 1.

Goal: Minimize the n um b er of bins used.

Using the tec hniques of V ega-Luek er (or, Karmak ar-Karp), pro-

vide a p olynomial time algorithm with a p erformance ratio of

d + � . Notice that in the case of d = 1 this will reduce to the

result of V ega-Luek er.
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Chapter 4

V ertex Co v er and Set Co v er

Summar y: Some pr oblems ar e c onsider e d for which it is p ossible to at-

tain a b ounde d r atio, without b eing able to have R

M I N

= 1 in either the

absolute or the asymptotic sense. These ar e a class of c overing pr oblems

{ vertex c over for gr aphs and hyp er gr aphs. F or the unweighte d vertex

c over pr oblem in gr aphs, sever al algorithms ar e describ e d which achieve

a r atio of 2. Similar b ounds ar e then obtaine d for the weighte d version

of this pr oblem. The set c over pr oblem turns out to b e much har der to

appr oximate and only a lo garithmic p erformanc e r atio is obtaine d for

it.

W e ha v e seen sev eral problems whic h can appro ximated to an y de-

gree, i.e. ha v e R

M I N

= 1 in either the absolute or the asymptotic sense.

No w w e turn our atten tion to problems for whic h w e can attain some

b ounded ratio, without b eing able to push this ratio all the w a y do wn

to 1. In most suc h cases the exact v alue of R

M I N

is hard to pin do wn

precisely , all w e can sa y is that it is b ounded from ab o v e b y some con-

stan t. It w ould b e great to �nd matc hing lo w er b ounds on the v alue of

R

M I N

, but suc h b ounds are hard to obtain.

A vertex c over of a graph is a set of v ertices whic h con tains at least

one end-p oin t of eac h edge. As w e ha v e seen earlier, this is closely

related to cliques and indep enden t sets. It will b e con v enien t to view

an edge in a graph as subset of the v ertex set. This is justi�ed since

the graph is undirected. It enables us to unify the treatmen t of graphs

81
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and h yp ergraphs.

VER TEX CO VER (V C)

� [Instance] Graph G ( V ; E ).

� [F easible Solutions] A subset C � V suc h that for all e =

f u; v g 2 E , e \ C 6= ; .

� [V alue] The v alue of a solution is the size of the co v er j C j , and

the goal is to minim iz e it.

This problem is one of the standard N P -complete problems [15].

As a matter of fact, the problem remains N P -complete ev en when the

graph is planar [16]. There are more general v ersions of this problem

where w e allo w G to b e a h yp ergraph, or asso ciate w eigh ts with v ertices.

WEIGHTED VER TEX CO VER (WV C)

� [Instance] Graph G ( V ; E ) and a p ositiv e in teger w eigh t function

w : V ! Z

+

on the v ertices.

� [F easible Solutions] A subset C � V suc h that for all e =

f u; v g 2 E , e \ C 6= ; .

� [V alue] The v alue of a solution is the w eigh t of the co v er w ( C )

�

,

and the goal is to minimi ze it.

SET CO VER (SC)

� [Instance] Set V = f v

1

; v

2

; : : : ; v

n

g and a family of sets E =

f e

1

; e

2

; : : : ; e

m

g , suc h that eac h e

i

� V .

� [F easible Solutions] A subset C � V suc h that for all e

i

2 E ,

e

i

\ C 6= ; .

�

W e will use the natural generalization of the w eigh t function to a subset of its

domain, i.e. w ( C )

�

=

P

v 2 C

w ( v ).
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� [V alue] The v alue of a solution is the size of the co v er j C j , and

the goal is to minim iz e it.

Notice that the last problem is exactly the v ertex co v ering problem

for a h yp ergraph. There is a natural generalization of the SET CO VER

problem to WEIGHTED SET CO VER, but w e will not deal with that

problem in this b o ok. It is ob vious that all these generalizations of V C

are also N P -complete.

W e presen t some observ ations ab out a v ertex co v er of a graph. The

�rst of these w as p osed as an exercise in Chapter 2. The second follo ws

from the observ ation that eac h edge in a matc hing has to b e co v ered

b y a distinct v ertex in C .

F act 4.1: A set C � V is a vertex c over for the gr aph G ( V ; E ) if and

only if the c omplement set

�

C = V � C is an indep endent set of vertic es

in the gr aph G . Mor e over, C is a minim um v ertex co v er for G if and

only if

�

C is a maxim um indep enden t set of vertic es in G .

F act 4.2: L et M � E b e a matching, or an indep endent set of e dges,

in G . Then G c annot c ontain a vertex c over of size smal ler than j M j .

W e will use the follo wing notation with regard to an y input graph

G ( V ; E ).

� n = j V j and m = j E j .

� �( v )

�

= f u 2 V j f u; v g 2 E g will denote the set of neigh b ors of

a v ertex v 2 V .

� d

v

�

= j �( v ) j will denote the degree of the v ertex v .

� �( G ) will denote the maxim um degree in the graph G .

� F or an y set U � V , the induced graph G [ U ] = ( U; E [ U ]) will

consist of the v ertices U and the edges in E whic h are inciden t

only on v ertices in U .
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W e will refer to an y instance of the WV C problem as ( G; w ), where

w denotes the w eigh t function. This will b e referred to as the instance

G if c hoice of the w eigh t function is clear from the con text, e.g. if the

graph is un w eigh ted.

De�nition 4.1: Given any instanc e ( G; w ) of WV C, C

�

( G; w ) wil l de-

note an optimal solution to the pr oblem. This wil l b e abbr eviate d to C

�

G

if weight function w is known fr om the c ontext, and to C

�

if the gr aph

G is also �xe d by the c ontext. The value of the optimal solution wil l b e

denote d by c

�

= w ( C

�

) .

In the follo wing sections w e will presen t sev eral appro ximation al-

gorithms for the ab o v e problems. W e will b e considering nearly a half-

dozen algorithms eac h of whic h is based on a distinct idea. One reason

for this o v erly extensiv e co v erage of the v arious algorithms is that some

of the ideas app ear to b e extremely no v el and ma y b e exp ortable to

other problems. Moreo v er, as w e will see later, ev en a small impro v e-

men t in the b est-kno wn appro ximation ratio for V C will ha v e profound

implications. It is curious, therefore, that w e ha v e sev eral di�eren t al-

gorithms whic h all ac hiev e the same ratio (asymptotically 2) but there

app ears to b e no w a y of impro ving this ratio at the presen t time.

4.1. Appro ximating V ertex Co v er

W e suggest that the uninitiated reader sp end some time on trying to

devise heuristic algorithms for the v ertex co v er problem b efore reading

an y further. It is probable that y ou will come up with most of the

simple and natural heuristics describ ed b elo w.

The most natural heuristic is a greedy algorithm whic h rep eatedly

pic ks an edge that has not y et b een co v ered, and places one of its end-

p oin ts in the curren t co v ering set { call this Algorithm G 1. Let G ( V ; E )Did you think of

this? Do es it

achieve a b ounde d

r atio?

b e an y instance of the un w eigh ted v ertex co v er problem.

Algorithm G1 :
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Input: Un w eigh ted graph G ( V ; E ).

Output: V ertex co v er C .

1. C  ; ;

2. while E 6= ; do b egin

Pic k an y edge e 2 E and c ho ose an end-p oin t v of e ;

C  C + v ;

E  E n f e 2 E j v 2 e g ;

end ;

3. return C .

W e lea v e it as an exercise to sho w that this algorithm alw a ys outputs

a v ertex co v er. W e claim that algorithm do es not ac hiev e an y b ounded

ratio. T o see this, consider the bipartite graph B ( L; R; E ) depicted in

Fig. 4.1. The v ertex set L consists of r v ertices. The v ertex set R is

further sub-divided in to r sets called R

1

, : : : , R

r

. Eac h v ertex in R

i

has an edge to i v ertices in L and no t w o v ertices in R

i

ha v e a common

neigh b or in L ; th us, j R

i

j = b r =i c . (It is p ossible that not all v ertices

of L ha v e a neigh b or in a particular R

i

.) It follo ws that eac h v ertex in

L has degree at most r and eac h v ertex in R

i

has degree i . The total

n um b er of v ertices n is �( r log r ).

Consider no w the b eha vior of the greedy algorithm on the graph B .

Supp ose that (out of sheer bad luc k) the algorithm considers all the

edges out of R

r

�rst, c ho osing their end-p oin t in R as the v ertex to b e

placed in the co v er. Then it pic ks all the edges out of R

r � 1

, c ho osing

their end-p oin ts in R for the co v er C ; and, so on. Therefore the v ertex

co v er c hosen is C = R . But L is itself a v ertex co v er since the graph

is bipartite. It follo ws that the ratio ac hiev ed b y this algorithm is no Is the vertex c over

pr oblem any e asier

on a bip artite

gr aph?

b etter than j R j = j L j = 
(log n ).

Ho w do w e ac hiev e a b etter ratio than this? Let us try the ob vious

strategy of mo difying the Algorithm G 1 to b e less arbitrary in its c hoice

of v ertices to b e included in the co v er. A natural mo di�cation is to
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R

R R R

1

2 3 4

L

Figure 4.1: The gr aph B ( L; R; E ) with r = 8 . Only the sets R

1

, R

2

,

R

3

and R

4

ar e shown; the r emaining sets R

5

, R

6

, R

7

and R

8

c onsist of

one vertex e ach.

rep eatedly c ho ose v ertices whic h are inciden t to the largest n um b er of

curr ently unco v ered edges { call this Algorithm G 2.

Algorithm G2 :

Input: Un w eigh ted graph G ( V ; E ).

Output: V ertex co v er C .

1. C  ; ;

2. while E 6= ; do b egin

Pic k a v ertex v 2 V of maxim um degree in the curr ent

graph;

C  C + v ;

E  E n f e j v 2 e g ;

end ;
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3. return C .

Let us consider the b eha vior of this algorithm on the graph

B ( L; R; E ). It should b e easy to see that G 2 could also output R

as a v ertex co v er. It could c ho ose v ertices from R

r

at the v ery �rst

stage. After this, it could c ho ose v ertices from R

r � 1

. In general, it

w ould c ho ose the highest degree v ertices from R at eac h stage. It is

v ery surprising that a seemingly m uc h more in telligen t heuristic do es

no b etter than the rather simple-m inded heuristic G 1. Ho w ev er, as w e

will see later, this algorithm is not totally useless. It will b e sho wn

that it alw a ys ac hiev es the ratio O(log n ) for the m uc h more general

problem of set co v er [30 , 43], and hence also for v ertex co v er.

W e no w describ e a di�eren t heuristic whic h ac hiev es a b ounded ra-

tio for the v ertex co v er problem. The basic idea is to mo dify G 1 b y

placing b oth end-p oin ts of some unco v ered edge in to C . Most p eople

�nd the fact that this algorithm p erforms b etter than G 1 and G 2 to

b e v ery coun ter-in tuitiv e at �rst. The surprisingly go o d p erformance of It may help to

c onsider the

b ehavior of this

algorithm on the

gr aph B ( L; R; E ) .

this algorithm can b e b etter understo o d b y considering an alternate de-

scription. Pic k an y maximal matc hing M in the graph G ( V ; E ). Place

b oth end-p oin ts of eac h edge in M in to the co v er. W e call this Algo-

rithm M M . Note that a matc hing is maximal if it is not con tained in

an y larger matc hing. It can b e computed greedily { rep eatedly c ho ose

an edge not inciden t on an y curren tly matc hed v ertex.

Algorithm MM :

Input: Un w eigh ted graph G ( V ; E ).

Output: V ertex co v er C .

1. Pic k an y maximal matc hing M � E in G ;

2. C  f v j v is matc hed in M g ;

3. return C .
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No w let us try to see wh y this algorithm do es w ell, con trary to our

\in tuition". Recall F act 4.2 whic h giv es a lo w er b ound on the size of

the optimal v ertex co v er in terms of the size of an y matc hing. Algo-

rithm M M can b e view ed as �rst �nding a lo w er b ound on the optimal

solution, and then constructing a solution whic h is pr ovably within a

small constan t factor of this lo w er b ound. Really , the goal of ev ery

appro ximation algorithm is exactly this { �nd a solution and a lo w er

b ound pro of sim ultaneously . The \coun ter-in tuitiv e" b eha vior of most

appro ximation algorithms can b e explained via the observ ation that it

is trying to pr ove near-optimalit y . W e no w analyze the p erformance of

M M ; this result is due to Ga vril [16].

Theorem 4.1: A lgorithm M M always c omputes a vertex c over in the

input gr aph G . Mor e over, R

M M

= 2 .

Pro of: The fact that M is a maximal matc hing implies that all

edges in E n M are suc h that at least one of their end-p oin ts is matc hed

in M . Otherwise, that edge could b e added to M to pro vide a larger

matc hing, con tradicting the assumption that M is maximal. This im-

plies that ev ery edge in E has at least one end-p oin t that is matc hed

and hence that C is a v ertex co v er.

T o see that the ratio is 2, consider the edges in M . T o co v er these

edges w e need at least j M j v ertices, since no t w o of them share a v ertex.

This implies that the optimal v ertex co v er has size at least j M j . The

co v er C con tains exactly 2 � j M j v ertices.

2

Exercise 4.1: Show that ther e exist input gr aphs for which the p erfor-

manc e of M M is no b etter than a r atio of 2.

Exercise 4.2: Show that using a maximum matching inste ad of a max-

imal matching do es not impr ove the worst-c ase p erformanc e of M M .

Another algorithm whic h ac hiev es a ratio of 2 for this problem is

due to Sa v age [52]. This algorithm, whic h w e call D F S , is as simple as
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the one outlined ab o v e. The basic idea is to �nd a depth-�rst searc h

tree in the graph G . The co v er C is then the set of non-leaf no des in

the tree. W e lea v e the analysis of this algorithm as an exercise.

Exercise 4.3: Show that the D F S algorithm always �nds a vertex

c over, and that its p erformanc e r atio is 2.

This is asymptotically the b est upp er b ound w e ha v e for

R

M I N

( V C ). Of course, it is en tirely p ossible that one can �nd an

appro ximation sc heme for V C, but this is considered unlik ely . W e will

pro vide some evidence for this later on. W e conclude b y describing a

simple randomized algorithm due to Pitt [50 ] whic h also ac hiev es the

ratio 2 for V C, alb eit in the exp ected sense.

y

One go o d reason for

studying this algorithm is that it can b e easily generalized to the case

of w eigh ted v ertex co v er to yield a simple appro ximation algorithm with

an exp ected p erformance ratio of 2.

Once again, w e suggest that the reader sp end some time trying

to think of randomized heuristics for the v ertex co v er problem. The

most natural suc h heuristic is to consider the v ertices in a random

order, placing eac h v ertex in to the co v er if it is inciden t on a curren tly

unco v ered edge. Unfortunately , this p erforms v ery p o orly . T o see this,

consider the p erformance of this heuristic on the star graph, viz. a

graph with one v ertex of degree n � 1 connected to n � 1 v ertices of

degree 1 eac h. A more reasonable heuristic is a randomized v ersion of

G 2. The idea is that instead of c ho osing the maxim um degree v ertex in

the residual graph, pic k a v ertex at random suc h that the probabilit y

that an y particular v ertex is c hosen is prop ortional to the n um b er of

unco v ered edges inciden t on it. W e lea v e it as an exercise to sho w

that ev en this heuristic will not guaran tee an exp ected ratio whic h is

b ounded. ( Hint: Consider its p erformance on our old friend, the graph

B ( L; R; E ).)

y

W e generalize the notion of a p erformance ratio to randomized algorithms in the

ob vious manner. The exp ected ratio of a randomized appro ximation algorithm RA

on a �xed input I is de�ned as R

RA

( I )

�

=

Exp [ RA ( I )]

O P T ( I )

, where Exp[ RA ( I )] denotes

the exp ected v alue of RA 's output. The exp ected p erformance ratio R

RA

(�) is

de�ned exactly as in the case of deterministic algorithms.
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Quite surprisingly , a simple mo di�cation of G 1 turns out to b e the

righ t algorithm. The idea is to consider the edges in some arbitrary (but

�xed) order. If the edge curren tly under consideration is not already

co v ered, pic k one of its end-p oin ts uniformly at random and add it to

the co v er. W e will refer to this new randomized algorithm as Algorithm

RA .

Algorithm RA :

Input: Un w eigh ted graph G ( V ; E ).

Output: V ertex co v er C .

1. Order the edges in E arbitrarily;

2. while E 6= ; do b egin

Pic k the next edge e = f u; v g 2 E ;

Flip a fair coin to c ho ose x uniformly from f u; v g ;

C  C + x ;

E  E n f e 2 E j x 2 e g ;

end ;

3. return C .

Before w e formally analyze this algorithm, it is w orth while to try

to understand at an in tuitiv e lev el wh y this algorithm should p erform

w ell. Observ e that Algorithm G 1 added an arbitrary end-p oin t to the

co v er, while Algorithm M M added b oth end-p oin ts to the co v er. One

w ould exp ect that this randomized algorithm w ould ha v e an in termedi-

ate p erformance, but it turns out to do as w ell as M M in the exp ected

sense. One reason is that it a v oids making the wrong c hoice of an end-

p oin t for an unco v ered edge, unlik e Algorithm G 1. Moreo v er, a higherComp ar e the

b ehavior of RA

and G 1 on

B ( L; R; E ) .

degree v ertex has more c hances of b eing c hosen b y a random coin 
ip.

Theorem 4.2: A lgorithm RA always outputs a vertex c over and

R

RA

= 2 .
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Pro of: It is easy to v erify that this algorithm will alw a ys output a

v ertex co v er.Pr ove this for

yourself !

Let us �x an input graph G ( V ; E ), the order in whic h the edges are

to b e examined and some optimal co v er C

�

� V . Supp ose that this

algorithm outputs a co v er C with t v ertices in it. Clearly , this algorithm

examines exactly t edges and 
ips as man y coins in the course of its

execution. Let us de�ne the outcome of a coin 
ip as b eing go o d if

it causes some v ertex v 2 C

�

to en ter the co v er C . Note that ev ery

edge has at least one end-p oin t in C

�

and so eac h coin 
ip is go o d with

probabilit y at least a half.

But the n um b er of go o d coin 
ips cannot exceed c

�

= j C

�

j , since b y

then all the v ertices of C

�

are in C and ev ery edge in G m ust b e co v ered

b y C . Th us, the total n um b er of coin 
ips t is sto c hastically dominated

b y the n um b er of un biased coin 
ips needed to obtain c

�

go o d coin


ips. It follo ws that the exp ected n um b er of coin 
ips needed is no

more than 2 � c

�

. This implies the desired b ound on the exp ected v alue

of the p erformance ratio.

2

4.2. Appro ximating W eigh ted V ertex

Co v er

W e no w turn our atten tion to the w eigh ted v ersion of the v ertex co v er

problem. Let us start b y considering all the ob vious heuristics for this

problem; as usual readers are urged to try and think of their o wn heuris-

tics b efore pro ceeding an y further.

Consider �rst the simple greedy heuristic whic h considers the v er-

tices in increasing order of their w eigh ts, placing eac h v ertex in the co v er

if it is inciden t on an edge whic h is curren tly unco v ered. This heuristic

b ecomes iden tical to Algorithm G 1 when restricted to the case of un-

w eigh ted graphs. Therefore it is not v ery surprising that it has a v ery

p o or p erformance ratio. In fact, its p erformance is m uc h w orse than

that of G 1, as illustrated b y the follo wing example. Consider the star

graph where the v ertex of degree n � 1 has w eigh t 2 and the degree one
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v ertices all ha v e w eigh t 1 eac h. It is easy to see that the co v er c hosen

b y our heuristic will ha v e w eigh t n � 1, as opp osed to the optimal co v er

whic h has w eigh t 2.

Another ob vious heuristic is a simple generalization of Algorithm

G 2 whic h w as presen ted in the previous section. The basic idea here is

to c ho ose at eac h stage a v ertex for with the smallest p ossible ratio of

w eigh t to curren t degree. W e will refer to this as Algorithm W G 2.

Algorithm W G2 :

Input: Graph G ( V ; E ) and w eigh t function w on V .

Output: V ertex co v er C .

1. C  ; ;

2. while E 6= ; do b egin

Pic k an y v 2 V whic h minim iz es

w ( v )

d

v

with resp ect to the

curren t graph;

C  C + v ;

E  E n f e j v 2 e g ;

end ;

3. return C .

It is easy to see that this is a generalization to the w eigh ted case of

the heuristic G 2 from the previous section. As suc h, it cannot b e ex-

p ected to ha v e a p erformance ratio b etter than that of G 2, i.e. O(log n ).

Ho w ev er, this is still a v ery natural heuristic and not without an y merit.

In fact, Ch v atal [10] has sho wn that it ac hiev es this ratio, and no b etter,

for the m uc h more general problem of w eigh ted h yp ergraph co v ering or

w eigh ted set co v ering.

In the follo wing sections w e presen t sev eral di�eren t appro ximation

algorithms for WV C, all of these ac hiev e the ratio 2. The �rst is a sim-

ple randomized algorithm due to Pitt [50 ]. In the subsequen t sections
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w e describ e t w o deterministic appro ximation algorithms for WV C. One

is a simple in tuitiv e algorithm whic h is not v ery e�cien t, while the other

ac hiev es e�ciency at the cost of b eing more m ystifying. Some amoun t

of history is in order at this p oin t. The v ery �rst appro ximation algo-

rithm for WV C w as implicit in the w ork of Nemhauser and T rotter [46].

This algorithm w as made explicit b y Ho c h baum [25]. Ho c h baum [24]

had devised an appro ximation algorithm for the set co v er problem with

a p erformance ratio equal to the size of the largest set. This implied

a factor of 2 appro ximation for v ertex co v er. Both these results made

extensiv e use of a linear programming form ulation. The �rst purely

com binatorial analysis w as due to Bar-Y eh uda and Ev en [4] and this

w as follo w ed b y the algorithm of Clarkson [11]. All of these algorithms

ha v e essen tially the same p erformance ratio, i.e. asymptotically equal to

2. Some of these algorithms, e.g. the one due to Ho c h baum [25 ], ac hiev e

a p erformance ratio of 2 � f ( n ), where f ( n ) is a decreasing function

of n . The b est suc h algorithm is due to Bar-Y eh uda and Ev en [6],

as w ell as Monien and Sp ec k enmey er [44 ], and it ac hiev es a ratio of

2 � O

�

log log n

log n

�

. This marginal impro v em en t turns out to b e quite cru-

cial as it leads to some strong results for graph coloring whic h will b e

presen ted later. The �rst deterministic algorithm w e presen t is deriv ed

from the w ork of Nemhauser and T rotter, and the second is the one due

to Clarkson. Finally , w e will describ e the algorithm of Bar-Y eh uda and

Ev en, and sho w ho w it encompasses most of the algorithms men tioned

ab o v e.

4.2.1. A Randomized Appro ximation Algorithm

In this section w e generalize the randomized algorithm RA describ ed

earlier to the w eigh ted case. The basic idea remains the same, the only

di�erence is in the bias of the coin 
ip made at eac h stage. W e c ho ose

an end-p oin t of the edge in consideration with probabilit y in v ersely pro-

p ortional to its w eigh t. Notice that Algorithm W RA b ecomes exactly

the Algorithm RA when restricted to un w eigh ted graphs.

Algorithm WRA :
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Input: Graph G ( V ; E ) and w eigh t function w on V .

Output: V ertex co v er C .

1. Order the edges in E arbitrarily;

2. while E 6= ; do b egin

Pic k the next edge e = f u; v g 2 E ;

Cho ose x randomly from f u; v g suc h that

Prob [ x = u ] =

w ( v )

w ( u )+ w ( v )

;

C  C + x ;

E  E � e ;

end ;

3. return C .

Notice that this algorithm captures the adv an tages of Algorithm

W G 2 without allo wing the p ossibilit y of consisten tly c ho osing the

wrong end-p oin t at eac h stage. In particular, high degree v ertices ha v e

a higher c hance of b eing c hosen and at eac h stage the coin 
ip is biased

in fa v or of the lo w er w eigh t v ertex. Th us, it is the ratio of the w eigh t

to the curren t degree whic h determines the c hances of a v ertex b eing

selected at eac h stage. The follo wing theorem is due to Pitt [50].

Theorem 4.3: Exp[ W RA ( G; w )] � 2 � c

�

( G; w ) , and this b ound is

tight.

The rest of this section is dev oted to the pro of of this theorem. Let

us �x the input instance ( G; w ), the order in whic h the edges are to b e

examined and some optimal w eigh ted v ertex co v er C

�

� V . Supp ose

that w e no w execute Algorithm W RA and obtain the co v er C � V .

Here C is a random subset of V and its distribution is totally deter-

mined prior to the execution of the algorithm.

De�nition 4.2: F or e ach vertex v , de�ne the r andom variable X

v

as

fol lows.

X

v

=

(

w ( v ) if v 2 C

0 otherwise
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L et e

v

= Exp[ X

v

] denote its exp e cte d value.

These denote the actual and exp ected con tributions of the v ertex

v to the co v er C . Again, the distribution of X

v

and the v alue of e

v

is

totally determined prior to the execution of the algorithm. The v alue of

W RA 's output and its exp ected v alue can then b e expressed as follo ws.

w ( C ) =

X

v 2 V

X

v

Exp[ w ( C )] =

X

v 2 V

e

v

Our goal is to appropriately generalize the analysis of Algorithm

RA . There the idea w as to consider v ertices in C whic h w ere from

C

�

, and to sho w that these v ertices formed a signi�can t fraction of the

v ertices in C . W e mak e use of a similar argumen t here.

De�nition 4.3: L et

b

C = C

�

\ C denote the vertic es fr om the optimal

c over which wer e also chosen by W RA .

Since C

�

w as �xed prior to the execution of the algorithm, it is clear that

w (

b

C ) =

P

v 2 C

�
X

v

, and hence that Exp[ w (

b

C )] =

P

v 2 C

�
e

v

. Moreo v er,

since

b

C � C

�

, it follo ws that

Exp[ w (

b

C )] � w ( C

�

)

In the follo wing lemma w e sho w that the exp ected w eigh t of the output

C is at most t wice the exp ected w eigh t of

b

C , and this com bined with

the ab o v e inequalit y implies the result in the theorem.

Lemma 4.1: Exp[ w ( C )] � 2 � Exp[ w (

b

C )]

Pro of: The pro of is b est describ ed in terms of a game pla y ed on

the input graph. Supp ose that eac h v ertex v 2 V has e

v

dollars as

its initial capital. This capital is �xed prior to the execution of the

algorithm. The total money supply in the graph initially is exactly the

exp ected w eigh t of the algorithm's output.
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W e assume for no w that there exists a global strategy under whic h

eac h v ertex can distribute its capital to the inciden t edges suc h that

eac h edge gets exactly the same amoun t of money from b oth its end-

p oin ts. Ha ving collected this money from its end-p oin ts, eac h edge

returns partitions it equally among its end-p oin ts whic h actually b elong

to the optimal co v er C

�

. Th us, if b oth end-p oin ts b elong to C

�

then the

edge just returns the amoun t it had receiv ed from eac h; on the other

hand, if only one end-p oin t b elonged to C

�

then it gets bac k t wice the

amoun t of money it had initially handed o v er to this edge.

It is not v ery hard to see that at the end of these transactions eac h

v ertex in C

�

has at most doubled its fortune, while eac h v ertex not in

C

�

has b ecome bankrupt. F rom this it follo ws that the total money

supply in G is at most t wice the initial money supply in the con trol of

the v ertices from C

�

. Recalling that eac h v ertex v started o� with a

sum of money equal to e

v

, w e can in terpret this as

X

v 2 V

e

v

� 2 �

X

v 2 C

�

e

v

and this is equiv alen t to the statemen t of the lemma.

The only thing left to sho w is that the global strategy for distribut-

ing the capital to the edges exists. Wh y should suc h a strategy exist?

Consider an y v ertex v 2 V . This will b e in the v ertex co v er if one of

its inciden t edges c ho oses to place it there. Th us, the exp ected con tri-

bution of v to the v ertex co v er's w eigh t is made up of the con tributions

due its inciden t edges selecting it to b e in the co v er. Moreo v er, eac h

edge con tributes an equal amoun t for b oth its end-p oin t, giv en the

c hoice of bias of the coin 
ips. (The preceding argumen t merely uses

this \distribution strategy" to relate the w eigh t of the co v er C to that

of the optimal co v er in an ob vious manner.)

W e formalize the distribution strategy as follo ws. Call an edge crit-

ic al if it is not y et co v ered b y the time Algorithm W RA considers it.

It is the critical edges whic h will cause a coin 
ip and the addition of

a v ertex to C . W e sa y that a v ertex u is chosen b y a coin 
ip for the

(critical) edge f u; v g if the coin 
ip causes v to b e added to C .

De�nition 4.4: F or e ach vertex u , and e ach v 2 �( u ) , de�ne the r an-
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dom variable

X

u;v

=

(

w ( u ) if u is chosen for C due to the critic al e dge f u; v g

0 otherwise

Notice that for eac h edge f u; v g , exactly one of X

u;v

and X

v ;u

is

non-zero. F urther, for eac h v ertex u at most one of its inciden t edges

can \c ho ose" it and so w e ha v e the follo wing.

X

u

=

X

v 2 �( u )

X

u;v

F rom this w e conclude that

e

u

= Exp[ X

u

] =

X

v 2 �( u )

Exp[ X

u;v

]

While at most one of the X

u;v

's can b e non-zero for eac h u , ev ery one

of the exp ectations of these could b e non-zero since the exp ectation is

tak en o v er all p ossible random c hoices made b y W RA . Finally , w e claim

that Exp[ X

u;v

] = Exp[ X

v ;u

] for all edges f u; v g . This claim implies the

existence of the desired distribution strategy . This is b ecause eac h

v ertex u giv e can giv e a sum of money equal to Exp[ X

u;v

] to the edge

f u; v g , and then eac h edge will receiv e the same amoun t of money from

b oth its end-p oin ts.

T o v alidate the claim w e observ e that the c hoice of the bias in eac h

coin 
ip ensures symmetry b et w een the exp ected con tribution of the

critical edges' t w o end-p oin ts. More formally ,

Exp[ X

u;v

] = w ( u ) � Prob[ f u; v g is critical and c ho oses u ]

= w ( u ) � Prob[ f u; v g is critical ] �

w ( v )

w ( u ) + w ( v )

= w ( v ) � Prob [ f u; v g is critical ] �

w ( u )

w ( u ) + w ( v )

= w ( u ) � Prob[ f u; v g is critical and c ho oses v ]

= Exp[ X

v ;u

]

2
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4.2.2. The Nemhauser T rotter Algorithm

Nemhauser and T rotter considered an in teger programming form ulation

of the WV C problem. There is a v ariable for eac h v ertex whic h tak es

on v alues in f 0 ; 1 g ; eac h edge creates a constrain t that the v ariables

asso ciated with its end-p oin ts ha v e sum at least 1. An y feasible solu-

tion to this set of constrain ts corresp onds naturally to a v ertex co v er

of the graph G ( V ; E ). The ob jectiv e function is simply the w eigh ted

sum of the v ariables, where the w eigh ts are exactly the w eigh ts of the

corresp onding v ertices. They sho w ed that the optimal solution to the

LP-relaxation of this problem has the semi-in tegral prop ert y . In other

w ords, the basic feasible optimal solution to the corresp onding lin-

ear programming relaxation w ould assign v alues to the v ariables whic h

w ould b e dra wn from the set f 0 ;

1

2

; 1 g . The linear program's optimal

solution could b e in terpreted as a fr actional v ertex co v er { the v alue

of a v ariable denoted the fraction of the corresp onding v ertex whic h

should b e placed in the co v er. The constrain ts require that, for eac h

edge, the total fraction of its end-p oin ts in a fractional co v er should

exceed 1. It then follo ws that the semi-in tegral solution can b e used

to obtain an appro ximation to the optimal inte gr al co v er b y placing a

v ertex in the co v er if the corresp onding v ariable w as non-zero. It is not

v ery hard to see that the linear program can b e solv ed via a maxim um


o w computation, and in the un w eigh ted case it can b e solv ed via a

maxim um matc hing algorithm.

W e no w presen t a com binatorial in terpretation of this pro cess and

obtain an appro ximation algorithm whic h do es not refer to the linear

programming form ulation. (Actually , the results of Nemhauser and

T rotter w ere m uc h more general but this has no b earing on the appro x-

imation of the WV C problem.)

De�nition 4.5: A 2-c over of a gr aph G ( V ; E ) is a m ultiset S � V

such that for every e dge e 2 E , j e \ S j � 2 .

Essen tially , a 2-co v er is a m ultiset of v ertices suc h that eac h edge

has either b oth its end-p oin ts or at least t w o copies of one end-p oin t

in the m ultiset. W e ma y assume, without loss of generalit y , that eac h
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v ertex o ccurs at most t wice in a 2-co v er since w e can thro w a w a y an y

further copies of a v ertex without destro ying the prop ert y of b eing a

2-co v er. Observ e that doubling the v alue of eac h v ariable in a semi-

in tegral solution to the ab o v e linear program will yield a 2-co v er. The

relation b et w een 2-co v ers and v ertex co v ers is made explicit b y the

follo wing fact; its pro of is left as an exercise.

De�nition 4.6: L et

�

S denote the set underlying the multiset S , i.e. the

set obtaine d by r etaining exactly one c opy of e ach element of S .

F act 4.3: If S is a 2-c over for G then

�

S is a vertex c over for G .

W e de�ne the w eigh t of a 2-co v er in the ob vious w a y { it is the sum

of the w eigh ts of the v ertices in the 2-co v er, with eac h w eigh t b eing

m ultiplie d b y the m ultipli ci t y of the corresp onding v ertex. An optimal

2-c over is a 2-co v er of minim um w eigh t. Notice that an optimal 2-co v er

will nev er ha v e more than t w o copies of an y v ertex. Therefore, the set

underlying a 2-co v er will ha v e total w eigh t at least half that of the 2-

co v er itself. Moreo v er, taking a v ertex co v er and making t w o copies of

eac h v ertex in the co v er will yield a 2-co v er of at most t wice the w eigh t.

W e ha v e pro v ed the follo wing lemm a.

Lemma 4.2: The weight of an optimal 2-c over is at most twic e the

weight of an optimal vertex c over.

Therefore, to �nd a 2-appro ximation to the optimal w eigh ted v ertex

co v er in G , it su�ces to �nd an optimal w eigh ted 2-co v er in G . It turns

out that an optimal 2-co v er can b e found in p olynomial time. The basic

idea b ehind this is to consider a bipartite v ersion of the input graph

G ( V ; E ). In the bipartite graph there are t w o copies of eac h v ertex in

V of the same w eigh t. one on eac h side of the bipartition. Eac h edge

of E creates t w o edges in the bipartite graph.

De�nition 4.7: L et G ( V ; E ) b e a gr aph and w a weight function on

its vertic es. De�ne the bip artite gr aph B

G

( L; R; F ) such that
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� L = f v

L

i

j v

i

2 V g

� R = f v

R

i

j v

i

2 V g

� F = ff v

L

i

; v

R

j

g ; f v

L

j

; v

R

i

g j f v

i

; v

j

g 2 E g

� w ( v

L

i

) = w ( v

R

i

) = w ( v

i

)

Given any set of vertic es U � V in G , we wil l denote the c opies of

these vertic es in L as U

L

and the c opies in R as U

R

; thus, L = V

L

and

R = V

R

. F urther, the vertic es in G c orr esp onding to a set of vertic es

S � L [ R fr om B wil l b e denote d by S

G

; thus, L

G

= R

G

= ( L [ R )

G

=

V .

Lemma 4.3: A ny vertex c over of B

G

c an b e c onverte d into a 2-c over

of G of e qual weight.

Pro of: Let C � L [ R b e a v ertex co v er of B

G

. W e can construct

a m ultiset C

0

� V from C b y replacing eac h v ertex from L [ R b y a

cop y of the corresp onding v ertex in V . Note that the underlying set

for C

0

is exactly C

G

. F or eac h edge e 2 E w e had placed t w o edges in

F and b oth these edges m ust ha v e at least one end-p oin t eac h in C .

This implies that e has either b oth end-p oin ts or t w o copies of one of

its end-p oin ts in C

0

. It follo ws that C

0

is a 2-co v er of G ; its w eigh t is

trivially equal to the w eigh t of C .

2

The next lemma pro v es the con v erse of Lemma 4.3.

Lemma 4.4: A ny 2-c over C of G c an b e c onverte d into a vertex c over

of B

G

of e qual weight.

Pro of: Recall that w e are only considering 2-co v ers whic h ha v e at

most t w o copies of eac h v ertex. Let C

1

=

�

C denote the set underlying

the m ultiset C , and de�ne C

2

= C n C

1

as the set of v ertices in C whic h

o ccur t wice. Let C

0

= C

L

1

[ C

R

2

consist of the v ertices from L whic h

corresp ond to the v ertices in C

1

, as w ell as the v ertices from R whic h
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corresp ond to the v ertices in C

2

. Clearly , the sets C and C

0

ha v e equal

w eigh ts.

W e no w sho w that C

0

is a v ertex co v er of B

G

. Consider an y edge

e = f u; v g 2 E . If b oth u and v are in C , then b oth edges corresp onding

to e in F are co v ered as b oth u

L

and v

L

are in C

0

. Otherwise assume,

without loss of generalit y , that u o ccurs t wice in C . This means that

b oth u

L

and u

R

are in C

0

and once again b oth edges corresp onding to

e in F are co v ered.

2

These t w o lemmas ha v e sho wn that �nding an optimal 2-co v er of G

is equiv alen t to �nding an optimal v ertex co v er of B

G

. Before w e sho w

ho w the latter can b e done in p olynomial time, let us summarize the

Nemhauser-T rotter algorithm as follo ws.

Algorithm NT :

Input: Graph G ( V ; E ) and w eigh t function w on V .

Output: V ertex co v er C .

1. Compute the graph B ( L; R; F ) from the input G ( V ; E );

2. Compute an optimal w eigh ted v ertex co v er C

�

B

for B ;

3. return C = ( C

�

B

)

G

= f v 2 V j v

L

2 C

�

B

or v

R

2 C

�

B

g .

The preceding lemmas imply that C is a v ertex co v er for the graph

G and its w eigh t is at most t wice that of the optimal w eigh ted v ertex

co v er for G . W e ha v e the follo wing theorem. Can you show that

the b ound given in

the the or em is

tight?

Theorem 4.4: R

N T

= 2

W e no w brie
y sk etc h an algorithm for �nding an optimal w eigh ted

v ertex co v er in a bipartite graph. The WV C problem restricted to bi-

partite graphs is p olynomially solv able via a reduction to the maxim um
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o w problem [38]. This w orks b y constructing a dir e cte d net w ork from

B

G

. In tro duce a source s in to B

G

with an edge going to eac h v ertex in

L of capacit y equal to the w eigh t of that v ertex. Similarly , in tro duce a

sink t with an edge coming in from eac h v ertex of R of capacit y equal

to the w eigh t of that v ertex. Direct eac h edge in F from L to R and

mak e its capacit y in�nite.

The minim um ( s; t )-cut in the resulting net w ork can b e computed

via a maxim um 
o w computation. Moreo v er, the minim um cut m ust

b e �nite since the net 
o w out of the source is �nite. Th us, no edge

of F can cross that cut. In other w ords, it cannot b e the case for an y

edge ( v

L

i

; v

R

j

) that v

L

i

lies on the side of s and v

R

i

on the side of t . Th us

the set of v ertices from L lying on the side of t , together with set of

v ertices from R lying on the side of s , forms a v ertex co v er for B

G

.

F urther, the capacit y of the cut is exactly equal to the w eigh t of this

v ertex co v er. Similarly , it is also fairly easy to see that an y v ertex co v er

implies a cut of capacit y equal to the w eigh t of the v ertex co v er. Th us,

the v ertex co v er determined b y the min-cut m ust b e a minim um w eigh t

v ertex co v er.

4.2.3. Clarkson's Algorithm

Consider once again the greedy algorithm W G 2 prop osed earlier for

the WV C problem. The basic idea in this algorithm w as to k eep trac k

of the ratio b et w een the w eigh t and the curr ent degree of a v ertex,

and at eac h stage it selected the v ertex with smallest v alue of this

ratio. This seemed lik e the righ t thing to do at an in tuitiv e lev el as

w e w ould lik e to minim ize the a v erage increase in w eigh t of the v ertex

co v er p er edge b eing co v ered. Unfortunately , this algorithm do es not

ac hiev e an y b ounded ratio. But can an ything b e salv aged from this

in tuitiv ely attractiv e heuristic? The answ er is y es, and this is exactly

the algorithm prop osed b y Clarkson [11]. His mo di�ed greedy algorithm

( M GA ) follo ws basically the same approac h, except that the w eigh ts

of the v ertices are also mo di�ed as the algorithm progresses. (Recall

that Algorithm W G 2 w as only mo difying the degrees of the v ertices

to accoun t for the edges whic h w ere already co v ered.) In the follo wing

description of Algorithm M GA ignore for no w the edge cost function



4.2. APPR O XIMA TING WEIGHTED VER TEX CO VER P age 103

E C , this is merely an artifact of the algorithm's analysis. W e will use

W ( v ) and D ( v ) to denote the curren t w eigh t and degree of the v ertex

v at eac h p oin t in the execution.

Algorithm MGA :

Input: Graph G ( V ; E ) and w eigh t function w on V .

Output: V ertex co v er C .

1. for all v 2 V do W ( v )  w ( v );

2. for all v 2 V do D ( v )  d

v

;

3. for all e 2 E do E C ( e )  0;

4. C  ; ;

5. while E 6= ; do b egin

Pic k a v ertex v 2 V for whic h

W ( v )

D ( v )

is minim iz ed;

C  C + v ; V  V � v ;

W ( v )  0;

for all edges e = f u; v g 2 E do b egin

E  E � e ;

W ( u )  W ( u ) �

W ( v )

D ( v )

; D ( u )  D ( u ) � 1;

E C ( e )  

W ( v )

D ( v )

;

end ;

end ;

6. return C .

This algorithm di�ers from W G 2 only in that eac h time a v ertex is

placed in the co v er, eac h of its neigh b ors has its w eigh t reduced b y an

amoun t equal to the ratio of the selected v ertex's curren t w eigh t and

degree. This is exactly the cost of co v ering the edge b et w een the t w o

v ertices and the v alue of E C re
ects this cost. (Note that the v alue of
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E C is nev er used b y the algorithm.) This ma y seem coun ter-in tuitiv e in

that w e are actually increasing the lik eliho o d of pic king a v ertex whose

neigh b or has just b een included in the co v er. But an appro ximation

algorithm is not trying to pic k an optimal solution. Instead it tries to

pic k a solution whic h is pr ovably not v ery far from the optim um, The

reduction in the w eigh ts of the neigh b ors can b e view ed as an attempt

to ensure that the \error" made b y this algorithm is small. In fact, this

reduction in the w eigh ts is exactly what will enable us to argue that

the algorithm's output is not to o far from the optimal.

The argumen t presen ted b elo w pro ceeds as follo ws. The edge cost

E C ( e ) is view ed as the cost of co v ering the edge e . The algorithm

assigns costs to the edges in a manner whic h guaran tees that eac h

v ertex in the co v er partitions its w eigh t amongst the inciden t edges,

and eac h edge gets assigned the same w eigh t from b oth its end-p oin ts.

Th us, the w eigh t of the co v er b eing pro duced is at most t wice the net

cost of the edges. Under an y suc h c hoice of the edge cost function,

it can b e easily seen that an optimal co v er m ust ha v e w eigh t at least

as large as the total of the edge costs. It should no w b e clear that

the \coun ter-in tuitiv e" part of the algorithm is actually a device for

ensuring that the co v er b eing pro duced do es not stra y to o far from the

optimal co v er. F or a further discussion on this p oin t, refer to the article

b y Gus�eld and Pitt [22].

F act 4.4: F or al l vertic es v 2 V and e dges e 2 E

W ( v ) � 0

E C ( e ) � 0

at al l times during the exe cution of the algorithm.

Pro of: The second inequalit y is ob vious since the only mo di�cation

to the edge costs is the addition of a p ositiv e v alue. As for the �rst

inequalit y , notice that the curren t w eigh t of a v ertex is reduced only

when some other v ertex (in fact, its neigh b or) is selected. But this

implies that the selected v ertex has a smaller w eigh t to degree ratio,

and the result of subtraction m ust b e non-negativ e.

2
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The next fact is easy to v erify from the description of the algorithm.

F act 4.5: F or al l vertic es v 2 V

w ( v ) = W ( v ) +

X

u 2 �( v )

E C ( u; v )

at al l times during the exe cution of the algorithm.

The next fact follo ws from the description of the algorithm and

F act 4.5.

F act 4.6: A t the end of the algorithm's exe cution

8 v 2 C ; w ( v ) =

X

u 2 �( v )

E C ( u; v ) (4.1)

8 v 62 C ; w ( v ) �

X

u 2 �( v )

E C ( u; v ) (4.2)

F rom the ab o v e facts w e conclude the follo wing lemma whic h relates

the w eigh t of M GA 's output to the b o ok-k eeping v ariables of edge costs.

Lemma 4.5: w ( C ) � 2 �

P

e 2 E

E C ( e )

Pro of: Observ e that b y the equation (4.1)

w ( C ) =

X

v 2 C

w ( v ) =

X

v 2 C

X

u 2 �( v )

E C ( u; v )

Eac h edge in E is coun ted at most t wice in the last expression, implying

the desired result.

2

The next step is to relate the edge costs to the v alue of the optimal

solution.

Lemma 4.6:

P

e 2 E

E C ( e ) � c

�

= w ( C

�

)
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Pro of: First, observ e that

X

e 2 E

E C ( e ) �

X

v 2 C

�

X

u 2 �( v )

E C ( u; v )

since the second expression m ust coun t eac h edge at least once, as C

�

is a v ertex co v er. Using F act 4.6, w e no w ha v e the desired result. 2

Putting together these t w o lemm as, w e ha v e the result that the

w eigh t of C is at most t wice optimal. It is fairly easy to see that the

en tire algorithm can b e e�cien tly implem en ted using standard data

structures. W e ha v e the follo wing theorem; sho wing that the b ound of

2 on the p erformance ratio is the b est p ossible is left as an exercise.

Theorem 4.5: A lgorithm M GA runs in time O( m log n ) time and has

R

M GA

= 2 .

4.3. Impro v ed V ertex Co v er Appro xima-

tions

In this section w e presen t some algorithms whic h marginally impro v e

the appro ximation ratio for WV C (and V C). These algorithms do not

ac hiev e a ratio whic h is b etter than 2 in the asymptotic sense. Their

p erformance ratios are of the t yp e 2 � f ( n ), where f ( n ) is some decreas-

ing function of n . The function f ( n ) could b e 1 =

q

( n ) or 1 = �, where

� is the maxim um degree in the input graph. The b est suc h result is

due to Bar-Y eh uda and Ev en [6], and Monien and Sp ec k enmey er [44];

they ac hiev e a ratio of 2 �

log log n

2 log n

. (This impro v em en t ma y seem v ery

minor but it leads to a signi�can t impro v em en t in the appro ximation

ratio for the graph coloring problem whic h will b e considered in a sub-

sequen t c hapter.) F or example, on graphs with at most 10

12

v ertices

the ratio ac hiev ed is 1.9. W e will presen t the v ersion of this result due

to Bar-Y eh uda and Ev en.

In the follo wing sections w e will dev elop the main ideas b ehind

the this result in three parts. First w e will return to the Nemhauser-

T rotter algorithm and sho w that it allo ws us to restrict ourselv es to
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appro ximating WV C on graphs where the optimal solution has a large

w eigh t. Then w e will presen t a \Lo cal-Ratio Theorem" whic h allo ws us

to strip o� a certain kind of subgraph H from the input graph without

adv ersely a�ecting the appro ximabilit y of the remaining graph. Finally ,

w e will sho w that in a graph without small o dd cycles, the v ertex co v er

can b e w ell appro ximated pro vided the optim um solution is of large

w eigh t. The remo v al of o dd cycles is p erformed b y using the Lo cal-

Ratio Theorem.

4.3.1. The Nemhauser-T rotter Algorithm Revis-

ited

W e tak e a fresh lo ok at the Nemhauser-T rotter algorithm presen ted in

Section 4.2.2 and conclude that it su�ces to b e able to appro ximate

WV C on instances where the v alue of the optimal solution is at most

w ( V ) = 2.

Recall that the optimal w eigh ted v ertex co v er in B ( L; R; F ) w as C

�

B

,

and that this could b e computed in p olynomial time. Let C

0

con tain

the v ertices v 2 V suc h that b oth v

L

and v

R

are in this optimal co v er,

and let V

0

b e the v ertices v 2 V suc h that only one of v

L

and v

R

is in

the optimal co v er.

C

0

�

=

n

v 2 V j f v

L

; v

R

g � C

�

B

o

V

0

�

=

n

v 62 C

0

j f v

L

; v

R

g \ C

�

B

6= ;

o

The follo wing theorem is a re-statemen t of the results of Nemhauser

and T rotter, and w e pro vide a di�eren t pro of from theirs. The �rst t w o

parts of the theorem are referred to as the lo c al optimality c onditions .

Theorem 4.6: The sets C

0

and V

0

pr o duc e d by A lgorithm N T have

the fol lowing pr op erties.

1. If D � V

0

is a vertex c over for G [ V

0

] , then C = D [ C

0

is a vertex

c over for G .

2. Ther e exists some optimal c over C

�

for G such that C

0

� C

�

.
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3. The optimal solution for G [ V

0

] has weight at le ast half as much

as the total weight of the vertic es in V

0

, i.e. c

�

( G [ V

0

] ; w ) �

w ( V

0

)

2

.

Pro of:

1. W e already kno w that C

0

[ V

0

is a v ertex co v er for G . In fact, this

is exactly the v ertex co v er whic h is pro duced b y Algorithm N T .

The set V

0

only co v ers the edges in G whic h ha v e at least one

end-p oin t in V

0

. Therefore, C

0

is a v ertex co v er for G [ V n V

0

] and

it is clear that C = C

0

[ D co v ers all edges in E [ V n V

0

] [ E [ V

0

].

Consider an y edge f x; y g in E suc h that x 2 V

0

and y 62 V

0

. This

is the only t yp e of edge whic h could create a problem. Our c hoice

of x and y implies that only one of x

L

and x

R

is con tained in C

�

B

.

Assume, without loss of generalit y , that x

L

is the one con tained

in C

�

B

. Then the edge f y

L

; x

R

g in B could only ha v e b een co v ered

b y C

�

B

b y ha ving y

L

2 C

�

B

. Since y 62 V

0

, it m ust b e the case that

y 2 C

0

. But this implies that C = C

0

[ D co v ers the edge f x; y g

and w e are done.

2. Let S b e some optimal co v er for G . W e claim that C

�

= C

0

[ ( S \

V

0

) is also an optimal co v er for G ; this will v alidate the second

part of the theorem since C

0

� C

�

. Observ e that S \ V

0

is a

v ertex co v er of G [ V

0

] and so, b y the previous part of the theorem,

w e ha v e that C

�

is a v ertex co v er of G .

T o see the optimalit y of C

�

, �rst observ e that C

B

= ( V

0

[ C

0

[

S )

L

[ ( S \ C

0

)

R

is a v ertex co v er for B . Consider an y edge f x

L

; y

R

g

in B . It is co v ered b y C

B

if x 2 C

0

[ V

0

[ S or if y 2 S \ C

0

.

Assume then that neither of these t w o conditions is met. Since

x 62 C

0

[ V

0

, the co v er C

�

B

m ust ha v e co v ered the edges f x

L

; y

R

g

and f y

L

; x

R

g b y con taining b oth y

L

and y

R

. Then it m ust b e the

case that y 2 C

0

. Since y

R

62 C

0

\ S , w e then ha v e that y 62 S .

But this giv es a con tradiction, since w e no w ha v e b oth x; y 62 S

and the edge f x; y g is not co v ered b y the v ertex co v er S of G .

Giv en that C

B

is a v ertex co v er of B , it follo ws that its w eigh t
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cannot b e less then that of the optimal co v er C

�

B

.

w ( C

�

B

) � w ( C

B

)

) w ( V

0

) + 2 � w ( C

0

) � w ( V

0

) + w ( C

0

) + w ( S ) � w ( S \ V

0

)

) w ( C

0

) � w ( S ) � w ( S \ V

0

)

) w ( C

0

) + w ( S \ V

0

) � w ( S )

This implies that the w ( C

�

) � w ( S ), and th us that C

�

is an

optimal co v er for G whic h con tains C

0

.

3. Let D

�

b e an optimal co v er for G [ V

0

]. Then, b y the �rst part

of the theorem, C

0

[ D

�

is a v ertex co v er for G . It follo ws then

that ( C

0

[ D

�

)

L

[ ( C

0

[ D

�

)

R

is a v ertex co v er for B . But this

m ust ha v e w eigh t at least as large as that of the optimal co v er

C

�

B

, whic h is exactly w ( V

0

) + 2 � w ( C

0

). Therefore,

2 � ( w ( C

0

) + w ( D

�

)) � w ( V

0

) + 2 � w ( C

0

)

whic h implies that 2 � w ( D

�

) � w ( V

0

).

2

Let us try to understand the implications of this theorem. It sho ws

us ho w to compute, using a single max-
o w computation, a subset V

0

of the v ertices suc h that if w e can compute an optimal v ertex co v er D

�

in G [ V

0

], then w e can compute an optimal v ertex co v er in the graph G .

In fact, this optimal v ertex co v er of G is nothing but C

0

[ D

�

, where the

set C

0

is also pro vided b y Algorithm N T . Of course, if w e merely get Make sur e you se e

why the �rst two

p arts of the or em

imply these claims.

an appro ximation within a ratio r of the optimal co v er of G [ V

0

], then

that com bined with C

0

also giv es us an appro ximation within the ratio

r for the en tire graph G . W e ha v e established the follo wing corollary .

Corollary 4.1: L et ( G; w ) b e an instanc e of WV C. A lgorithm N T

c omputes subsets C

0

; V

0

� V such that if D � V

0

is an r -appr oximation

to the optimal weighte d vertex c over in G [ V

0

] , then C

0

[ V

0

is an r -

appr oximation to the optimal weighte d vertex c over in G . Mor e over,

the optimal solution for G [ V

0

] has value at le ast half as lar ge as w ( V

0

) .
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By this corollary , w e only need to w orry ab out �nding an appro xi-

mation algorithm for instances of WV C where the v alue of the optimal

solution is at least half of the total w eigh t of the v ertices. Notice that

a trivial 2-appro ximation for G [ V

0

] is simply the set of all v ertices in

that graph, whic h is V

0

. This giv es us an appro ximation algorithm A

for WV C with ratio 2. The algorithm A is exactly the algorithm of

Nemhauser and T rotter!

4.3.2. A Lo cal Ratio Theorem

W e are no w going to describ e a new tec hnique for obtaining an appro x-

imation algorithm for WV C, this is due to Bar-Y eh uda and Ev en [4, 6].

W e �rst sho w that an y partition of the w eigh t function giv es t w o in-

stances of WV C whose optimal solutions yield an optimal solution for

original instance.

Lemma 4.7: L et G ( V ; E ) b e a gr aph and w , w

0

and w

1

b e any thr e e

weight functions on the vertex set of G , such that for al l v 2 V

w ( v ) � w

0

( v ) + w

1

( v )

If C

�

, C

�

0

and C

�

1

ar e optimal weighte d vertex c overs for the instanc es

( G; w ) , ( G; w

0

) and ( G; w

1

) , then

w ( C

�

) � w

0

( C

�

0

) + w

1

( C

�

1

)

Pro of:

w ( C

�

) =

X

v 2 C

�

w ( v )

�

X

v 2 C

�

( w

0

( v ) + w

1

( v ))

= w

0

( C

�

) + w

1

( C

�

)

� w

0

( C

�

0

) + w

1

( C

�

1

)
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The last inequalit y follo ws from the observ ation that C

�

is a v ertex co v er

for G and so its w eigh t with resp ect to an y w eigh t function cannot b e

smaller than the w eigh t of the optimal co v er with resp ect to that w eigh t

function.

2

W e apply this lemm a as follo ws. Let H ( V

H

; E

H

) b e an y �xed graph.

Supp ose w e �nd an induc e d subgraph of G isomorphic to H . W e can

determine the w eigh t function w

1

suc h that it is non-zero only on the

v ertices in that subgraph, and the w eigh t function w

0

is obtained b y

subtracting w

1

from w . By the lemm a, �nding optimal solutions with

resp ect to the new instances giv es us an optimal solution for the original

instance. In fact, w e will sho w that for a suitable c hoice of H w e

can mak e strong claims ab out the appro ximativ e b eha vior also. Let

Algorithm A b e an y appro ximation algorithm for WV C. Our approac h

will b e to run Algorithm A on the instance ( G; w

0

), and handle the

instance ( G; w

1

) separately . Let us formalize the decomp osition as the

follo wing algorithm whic h is parametrized b y the c hoice of H .

Algorithm LOCAL( H ) :

Input: Graph G ( V ; E ) with w eigh ts w . It is assumed that H and A

ha v e b een �xed in adv ance.

Output: V ertex co v er C .

1. Find a set of v ertices U � V suc h that the induced subgraph G [ U ]

is isomorphic to H ;

2. �  min

v 2 U

w ( v );

3. Cho ose the w eigh t function w

0

as follo ws:

8 v 2 V ; w

0

( v ) =

(

w ( v ) � � if v 2 U

w ( v ) otherwise

4. Run Algorithm A on instance ( G; w

0

) to obtain a v ertex co v er C

for G ;
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5. return C .

A t this p oin t there are sev eral questions whic h ma y arise in the

readers mind. Ho w do w e c ho ose H and what is this Algorithm A ? W e

defer the answ ers to these questions. W e �rst sho w that for an y c hoice

of H and A , the qualit y of the appro ximation pro duced b y Algorithm

LO C AL ( H ) can b e w ell c haracterized. Notice that w e are not w orrying

ab out the instance corresp onding to ( H ; � ) whic h is subtracted o� from

( G; w ). W e are merely studying the ratio to the optimal of the co v er

C whic h is pro duced b y the in v o cation of Algorithm A on the instance

( G; w

0

). Observ e also that ( H ; � ) is really an instance of V C since all

the v ertex w eigh ts are iden tically � .

De�nition 4.8: Given any �xe d gr aph H , let j V

H

j = n

H

and c

�

H

b e

the size of an optimal (unweighte d) vertex c over of H . De�ne the lo c al

r atio for H as r

H

=

n

H

c

�

H

.

F or example, if the graph H is a cycle on 2 k + 1 v ertices then

n

H

= 2 k + 1, c

�

H

= k + 1 and r

H

= 2 �

1

k +1

. The follo wing theorem

b ounds the appro ximativ e ratio of the co v er C pro duced b y Algorithm

LO C AL ( H ).

Theorem 4.7: R

LO C AL ( H )

( G; w ) � max f r

H

; R

A

( G; w

0

) g

Pro of: Let r b e the larger of r

H

and R

A

( G; w

0

). Also, let c

�

0

denote

the v alue of the optimal solution for the instance ( G; w

0

). Since j C \

V

0

j � j V

0

j = n

H

, w e ha v e that

w ( C ) � w

0

( C ) + � n

H

� R

A

( G; w

0

) � c

�

0

+ � r

H

c

�

H

� r � ( c

�

0

+ � c

�

H

)

� r � c

�

( G; w )

The last inequalit y can b e obtained from the preceding lemma as fol-

lo ws. Observ e that the v alue of the optimal solution for ( H ; � ) is simply
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� times the size of the optimal un w eigh ted v ertex co v er for H , i.e. � c

�

H

.

W e claim that this is also the w eigh t of the optimal solution for the

instance ( G; w

1

), where w

1

= w � w

0

is non-zero only on v ertices in

U . This is b ecause the optimal co v er for ( G; w

1

) can b e obtained b y

augmen ting the optimal un w eigh ted co v er of G [ U ] b y all the v ertices in

V n U , whic h are of w eigh t 0. It follo ws that w , w

0

and w

1

satisfy the

premise of the lemm a.

2

The last theorem is also referred to as the L o c al R atio The or em . It

is not v ery hard to see that this idea can b e generalized to an y class of

graphs, rather than just one graph H . Let H denote a family of graphs.

W e de�ne r

H

= max f r

H

j H 2 Hg . W e no w presen t a new algorithm

called M LO C AL ( H ). The basic idea is to en umerate all induced sub-

graphs of G whic h are isomorphic to some graph in H , and apply the

op eration of reducing the w eigh ts exactly as in Algorithm LO C AL ( H ).

Finally , all v ertices of w eigh t 0 are set aside, and Algorithm A is applied

to the remaining graph.

Algorithm MLOCAL( H ) :

Input: Graph G ( V ; E ) with w eigh ts w . It is assumed that H and A

ha v e b een �xed in adv ance.

Output: V ertex co v er C .

1. for all v 2 V do w

0

( v )  w ( v );

2. for all U � V suc h that G [ U ] is isomorphic to some H 2 H do

b egin

�  min f w

0

( v ) j v 2 U g ;

for all v ertices v 2 U do w

0

( v )  w

0

( v ) � � ;

end ;

3. C

1

 f v 2 V j w

0

( v ) = 0 g ;

4. V

1

 V n C

1

;



CHAPTER 4. VER TEX CO VER AND SET CO VER P age 114

5. Run Algorithm A on instance ( G [ V

1

] ; w

0

) to obtain a v ertex co v er

C

2

for G [ V

1

];

6. return C = C

1

[ C

2

.

The exact implem e n tation of the Step 2 is delib erately left unsp ec-

i�ed. The in ten t is that the iterations b e applied b y using some en u-

meration of all induced subgraphs of G isomorphic to graphs in H . The

exact ordering in the en umeration is irrelev an t and can b e c hosen to

mak e the algorithm more e�cien t. One w a y to do this is to en umerate

all sets U � V suc h that j U j � max f n

H

j H 2 Hg , and then to c hec k if

G [ U ] is isomorphic to some graph in H . This can b e done in p olyno-

mial time pro vided the n um b er of v ertices in the graphs in H is �xed

indep enden t of j V j . W e will see later that for a w ell-structured class of

graphs H w e can relax this requiremen t.

A t the end of Step 2, it will b e the case that in ev ery induced

subgraph isomorphic to a graph in H , at least one v ertex will ha v e the

w

0

-w eigh t equal to 0. This means that ev ery suc h subgraph will ha v e

at least one v ertex in C

1

. W e conclude that the remaining graph G [ V

1

]

cannot ha v e an y subgraph isomorphic to a graph in H . It is no w clear

wh y this algorithm is useful: for an appropriate c hoice of H it will b e

easier to guaran tee that a near-optimal co v er can b e easily found in

G [ V

1

]. In other w ords, Algorithm A has to p erform w ell only on inputs

whic h do not ha v e an y subgraphs isomorphic to graphs in H . Notice

that there are t w o w a ys in whic h w e are constrained in the c hoice of H :

it m ust ha v e r

H

� 2 and the en umeration in the Step 2 should b e easy

to p erform.

As for the qualit y of the appro ximation pro duced b y this algorithm,

w e presen t the follo wing result called the L o c al R atio Cor ol lary . The

pro of is b y a simple induction on the n um b er of iterations in the Step

2, using the Lo cal Ratio Theorem on eac h iteration. W e lea v e the pro of

as an exercise.

Corollary 4.2: Using any family H and any appr oximation algorithm

A

� R

M LO C AL ( H )

( G; w ) � max f r

H

; R

A

( G [ V

1

] ; w

0

) g .
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� G [ V

1

] do es not have any sub gr aphs isomorphic to gr aphs in H .

W e no w presen t sev eral applications of this result. Consider �rst the

case where the family H con tains only the graph H , and H is simply

an edge. It is then the case that r

H

= 2. Applying the ab o v e corollary ,

w e can sho w that R

LO C AL ( H )

= 2. Moreo v er, the graph G [ V

1

] m ust b e

empt y since it cannot ha v e an y induced subgraphs isomorphic to an

edge. There is no need for an Algorithm A in this case. The follo wing

is an equiv alen t description of the resulting algorithm. This is exactly

the linear time appro ximation algorithm with ratio 2 that w as devised

b y Bar-Y eh uda and Ev en [4].

Algorithm MLOCAL( E D GE ) :

Input: Graph G ( V ; E ) and w eigh t function w on V .

Output: V ertex co v er C .

1. while 9 e 2 E with b oth end-p oin ts of non-zero w eigh t do b egin

Pic k an edge f u; v g 2 E with b oth end-p oin ts of non-zero

w eigh t;

�  min f w ( u ) ; w ( v ) g ;

w ( u )  w ( u ) � � ;

w ( v )  w ( v ) � � ;

end ;

2. return C = f v 2 V j w ( v ) = 0 g .

Amazingly enough, almost ev ery appro ximation algorithm (except

Algorithm N T ) can b e view ed as some v ersion of M LO C AL ( H ).

F or another example, consider Algorithm M GA describ ed in the

previous section. This can b e though t of as a generalization of

M LO C AL ( E D GE ) whic h pic ks sev eral copies of the graph H (whic h

is an edge) sim ultaneously , all sharing a common v ertex. The c hoice

of this common v ertex is suc h that it is p ossible to subtract an equal
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amoun t of w eigh t from all other edges without making their new w eigh ts

negativ e. Clearly , this is merely an implem en tation detail and has no

b earing on the ratio ac hiev ed.

Another application of the Lo cal Ratio Theorem is in impro ving

the p erformance ratio of the algorithm devised b y Ho c h baum [24 ]. Her

algorithm w as based on the follo wing no v el idea. First, run Algorithm

N T to obtain an instance G [ V

0

] with an optimal solution of w eigh t at

least half of w ( V

0

). Supp ose no w that w e can color the input graph

G with k colors. Let I � V

0

b e the color class whic h has the largest

w eigh t. Output C = V

0

� I as the v ertex co v er. It is clear that C

is a v ertex co v er since eac h color class is an indep enden t set, and the

compleme n t of an y indep enden t set is a v ertex co v er. Moreo v er, b y our

c hoice of I , w ( I ) � w ( V

0

) =k and this implies that

w ( C )

w ( C

�

)

�

w ( V

0

) � w ( I )

w ( V

0

) = 2

� 2 �

2

k

Since an y graph can b e colored with � colors, it follo ws that w e ha v ePr ove that any

gr aph is

� -c olor able.

obtained an appro ximation algorithm with a p erformance ratio of 2 �

2

�

.

In the sp ecial case of planar graphs, w e can impro v e the ratio to 1 : 5 b y

noting that ev ery planar graph can b e 4-colored [2 , 3 ].

W e no w observ e that the appro ximate graph coloring algorithm of

Wigderson [60] (whic h w e will see in a later c hapter) will color a graph

using at most 2

p

n colors pro vided it is triangle-free. This helps in

impro ving the algorithm of Ho c h baum, in conjunction with the use of

the Lo cal Ratio Corollary . The idea is to c ho ose H con taining only one

graph, viz. the triangle graph. No w w e run M LO C AL on the input

graph G to obtain a triangle-free graph. Next w e run Algorithm N T to

obtain a graph whic h is b oth triangle-free and has an optimal solution

of v alue at least half of the total w eigh t of the graph. A t this p oin t

w e can run Wigderson's algorithm to obtain a coloring using k = 2

p

n

colors. This implies an appro ximation ratio of 2 �

1

p

n

. The details of

the analysis are fairly straigh tforw ard.
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4.3.3. An Algorithm for Graphs Without Small

Odd Cycles

W e ha v e seen ho w Algorithm N T and M LO C AL ( H ) can b e used to

obtain sev eral appro ximation algorithms with p erformance ratios of 2

or 2 � f ( n ). Bar-Y eh uda and Ev en impro v ed on all previously kno wn

p erformance ratios b y com bining these t w o algorithms in a particular

fashion. The basic idea is to use M LO C AL ( H ) to eliminate all o dd

cycles of small length. Then, b y the use of Algorithm N T w e guaran tee

that the graph has a large optimal v ertex co v er. Finally , a simple

algorithm is used to obtain a go o d appro ximation in the resulting graph.

W e no w presen t the latter algorithm.

De�nition 4.9: A n instanc e ( G; w ) of WV C is said to b e k -prop er if

the fol lowing c onditions ar e satis�e d.

� (2 k � 1)

k

� n .

� G has no o dd cycles of length smal ler than 2 k � 1 .

� c

�

( G; w ) �

w ( V )

2

.

F or u; v 2 V , let d ( u; v ) denote the distance from u to v in G ( V ; E ).

The sets D

i

represen t the collection of v ertices in V whic h are at a

distance i from v . These can b e determined in linear time b y p erforming

a breadth-�rst searc h starting at v .

Algorithm C

k

�nds an appro ximation to WV C in an instance ( G; w )

whic h is k -prop er. The basic idea is to �x a v ertex v and �nd sets B

t

whic h con tain all v ertices at distance at most t from v , suc h that v ertices

in B

t

are at an ev en distance from v if and only if t is ev en. F or t < k , it

is clear that eac h pair of v ertices in B

t

ha v e an ev en length path joining

them and they cannot b e adjacen t without creating an o dd cycle of

length at most 2 k � 1. Since this is not p ossible for G , w e obtain that

B

t

m ust b e an indep enden t set. Note that X

t

= B

t � 1

[ B

t

con tains all

the v ertices at distance at most t from v . W e no w claim that for t � k ,

B

t

co v ers all the edges whic h ha v e at least one end-p oin t in X

t

. The

algorithm c ho oses a v alue of t for whic h it can b e guaran teed that the
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w eigh t of w ( B

t

) is a small fraction of w ( X

t

). This is done b y c ho osing

the smallest v alue of t for whic h w ( B

t

) � (2 k � 1) w ( B

t � 1

). The only

problem is that t is required to b e at most k . But if the w eigh t of v

is large, and the w eigh t of eac h subsequen t B

t

k eeps increasing b y a

factor of at least 2 k � 1, it follo ws that w e will exhaust all the v ertices

in the graph b y the time t = k . No w the set X

t

can b e remo v ed from

the graph if w e ensure that B

t

is placed in the co v er. The whole pro cess

is rep eated till all the v ertices ha v e b een remo v ed.

Algorithm C

k

:

Input: Graph G ( V ; E ) and w eigh t function w on V , suc h that ( G; w )

is k -prop er.

Output: V ertex co v er C .

1. U  V ;

2. C  ; ;

3. while U 6= ; do b egin

Pic k a v ertex v 2 U suc h that w ( v ) = max

u 2 U

w ( u );

for 0 � i � k do D

i

 f w 2 V j d ( v ; w ) = i g ;

for 0 � t � b

k

2

c do B

2 t

 [

t

i =0

D

2 i

;

for 0 � t � b

k � 1

2

c do B

2 t +1

 [

t

i =0

D

2 i +1

;

f  min f t j w ( B

t

) � (2 k � 1) w ( B

t � 1

) g ;

C  C [ B

f

;

U  U n ( B

f

[ B

f � 1

);

end ;

4. return C .

It is ob vious that this algorithm can b e implem en te d to run in time

p olynomial in the size of the input ( G; w ). W e obtain the follo wing

result ab out the output of this algorithm.
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Theorem 4.8: The set C pr o duc e d by A lgorithm C

k

is a vertex c over

for G and R

C

k

� 2 �

1

k

.

Pro of: W e �rst claim that f � k . T o see this, note that for t � f ,

w ( B

t

) > (2 k � 1) w ( B

t � 1

) whic h implies that

w ( B

t

) > (2 k � 1)

t

w ( B

0

) = (2 k � 1)

t

w ( v )

No w, if f > k then w e ha v e that w ( B

k

) > (2 k � 1)

k

w ( v ) > j V j � w ( v ) �

w ( V ), implying a con tradiction.

Next, w e claim that B

f � 1

is an indep enden t set. Otherwise, there

w ould b e t w o v ertices x; y 2 B

f � 1

whic h are adjacen t. But the distance

from v to x and y is either b oth ev en or b oth o dd, giv en the de�nition

of B

t

. This implies the existence of an o dd cycle con taining v of length

at most 2 k � 1, whic h is not p ossible giv en that G is k -prop er.

Consider an y edge e with at least one end-p oin t inciden t on B

f � 1

[

B

f

. If b oth end-p oin ts of e are in B

f � 1

[ B

f

, then B

f

co v ers this edge

since B

f � 1

is an indep enden t set. On the other hand, if only one end-

p oin t of e lies in B

f � 1

[ B

f

, then it m ust lie in D

f

since otherwise the

other end-p oin t w ould b e at distance at most f from v and also lie in

B

f � 1

[ B

f

. It follo ws that ev ery edge inciden t on B

f � 1

[ B

f

is co v ered

b y B

f

. W e no w conclude that C m ust b e a v ertex co v er for G .

It remains to b ound the w eigh t of this v ertex co v er. By de�nition,

w ( B

f

) � (2 k � 1) w ( B

f � 1

) or

w ( B

f

) �

�

1 �

1

2 k

�

( w ( B

f

) + w ( B

f � 1

))

Moreo v er, at eac h iteration the set B

f

is added to the co v er while b oth

sets B

f

and B

f � 1

are deleted from the graph. It is no w clear that

w ( C ) �

�

1 �

1

2 k

�

w ( V ).

2

4.3.4. The Ov erall Algorithm

The o v erall v ertex co v er algorithm can no w b e sp eci�ed in terms of

the algorithms M LO C AL ( H ), N T and C

k

. The follo wing Algorithm
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A tak es as input an y instance ( G; w ) of WV C. It can b e though t of as

the algorithm A used b y M LO C AL , although w e presen t the o v erall

algorithm in a sligh tly di�eren t manner. Let C

r

denote the graph whic h

consists of a cycle on r v ertices.

Algorithm BE :

Input: Graph G ( V ; E ) and w eigh t function w on V .

Output: V ertex co v er C .

1. Let k b e the smallest in teger suc h that (2 k � 1)

k

� n ;

2. H  f C

2 i +1

j 1 � i � k � 1 g ;

3. Run Algorithm M LO C AL ( H ) on ( G; w ) to obtain the C

1

� V and

a residual instance ( G [ V

1

] ; w

0

);

4. Run Algorithm N T on ( G [ V

1

] ; w

0

) to obtain the sets C

0

; V

0

� V ;

5. Run Algorithm C

k

on the ( G [ V

0

] ; w

0

) to obtain the co v er C ;

6. return C [ C

0

[ C

1

.

It is fairly easy to see that the en tire algorithm runs in p olynomial

time, pro vided that M LO C AL ( H ) can b e implem en te d in p olynomial

time. If w e w ere to try and compute all p ossible o dd cycles of length

upto 2 k � 1, the running time of M LO C AL w ould b e sup er-p olynomial.

Instead, w e presen t a strategy for en umerating a small n um b er of o dd

cycles suc h that, if at least one v ertex in eac h suc h cycle has its w eigh t

reduced to 0, then there will not b e an y o dd cycles of length at most

2 k � 1 whic h con tains only v ertices of p ositiv e w eigh t. Clearly , this is

a v alid implem e n tation of M LO C AL ( H ).

T o en umerate these o dd cycles, pic k an y no de v of non-zero w eigh t

and construct a breadth-�rst tree ro oted at that no de. An y o dd cycle of

length 2 r + 1 con taining v m ust ha v e t w o adjacen t v ertices at distance

r from v . This implies that there m ust b e a pair of no des at lev el r of
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the tree whic h are adjacen t. Moreo v er, an y adjacen t pair of no des at

lev el r determine an o dd cycle con taining v of length 2 r + 1. If there

exists an y suc h pair of adjacen t v ertices at an y lev el l � k � 1, compute

the n uique o dd cycle of length 2 l + 1 determined b y the tree and these

t w o v ertices. Reduce the w eigh ts as sp eci�ed b y M LO C AL . If there

is no suc h o dd cycle con taining v , then eliminate v from con ten tion in

an y future iteration. No w rep eat the whole pro cess outlined ab o v e.

The claim is that at eac h iteration at least one v ertex is eliminated

from consideration as the ro ot of a breadth-�rst tree, or at least one

v ertex has its w eigh t reduced to 0 and is also eliminated. It follo ws that

the n um b er of iterations is at most n . Moreo v er, at the end of these

iterations, the graph do es not con tain an y o dd cycles of length at most

2 k � 1 whic h do not ha v e v ertices of w eigh t 0.

Th us, the running time of the en tire algorithm is p olynomial in the

size of the input. In fact, the running time is dominated b y Algorithm

N T whic h uses one max-
o w computation.

It is also clear that this algorithm has a p erformance ratio of 2 �

1

k

.

This can b e formally v eri�ed b y using the results pro v ed in the previous

sections for the algorithms N T , M LO C AL and C

k

. Note that our

c hoice of k is suc h that k = O

�

log n

log log n

�

. W e ha v e the follo wing result.

Theorem 4.9: The algorithm B E c omputes a vertex c over in p olyno-

mial time such that R

A

= 2 �

log log n

2 log n

.

4.4. Appro ximating Set Co v er

Let H ( V ; E ) b e a h yp ergraph represen ting an instance of the (un-

w eigh ted) set co v ering problem. W e generalize the notion of the degree

of a v ertex to a h yp ergraph.

De�nition 4.10: F or al l v 2 V , d

v

is the numb er of e dges in E which

c ontain v . A lso, let d = d ( H ) b e the maximum de gr e e in the hyp er gr aph

H .
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As usual, a co v er C � V is a collection of v ertices of the h yp ergraph

suc h that eac h edge in E con tains at least one v ertex from C .

De�nition 4.11: � ( H ) is the size of a minimum c over of the hyp er-

gr aph H .

There is no kno wn constan t factor appro ximation for the minim um

co v er of a h yp ergraph. In fact, there is some evidence to the e�ect

that suc h an appro ximation is imp ossible to �nd in p olynomial time.

The b est kno wn appro ximation algorithm has a p erformance ratio of

O(log d ), and this w as indep enden tly disco v ered b y Johnson [30] and

Lo v asz [43]. A similar result w as ac hiev ed for the case of w eigh ted

h yp ergraphs b y Ch v atal [10 ]. W e will presen t only the result for un-

w eigh ted h yp ergraphs. The algorithm is essen tially the greedy algo-

rithm G 2, as generalized to h yp ergraphs. W e will also refer to this

generalized algorithm as G 2.

Algorithm G2 :

Input: Hyp ergraph H ( V ; E ).

Output: Set co v er C .

1. C  ; ;

2. while E 6= ; do b egin

Pic k a v ertex v 2 V of maxim um degree in the curr ent

h yp ergraph;

C  C + v ;

E  E n f e j v 2 e g ;

end ;

3. return C .
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The follo wing presen tation is based on that of Lo v asz. W e will need

some further notation in the course of analyzing G 2. A fractional co v er

of a h yp ergraph is essen tially a feasible solution to the LP-relaxation

of the in teger programming form ulation of the co v ering problem. It is

a c hoice of a fraction of eac h v ertex suc h that for ev ery edge the total

fraction of all its v ertices selected is at least 1.

De�nition 4.12: A fractional co v er of the hyp er gr aph H is a weight

function w : V ! <

+

such that for al l e dges e 2 E

X

v 2 e

w ( v ) � 1

De�nition 4.13: L et �

�

( H ) denote the size of the optimal fr actional

c over of H , i.e.

�

�

= min

w

X

v 2 V

w ( v )

A matc hing in a h yp ergraph is a natural generalization of a matc h-

ing in a graph, i.e. it is a collection of indep enden t edges. W e can

further generalize this to the notion of a k -matc hing, as follo ws.

De�nition 4.14: A k -matc hing in the hyp er gr aph is a subset M � E

such that e ach vertex v 2 V is c ontaine d in at most k e dges fr om M .

In other wor ds, it is a sub-hyp er gr aph of de gr e e at most k .

De�nition 4.15: L et m

k

( H ) denote the size (numb er of e dges) of a

maximum k -matching in the hyp er gr aph H .

F or the sak e of brevit y , w e will omit the dep endence of d , � , �

�

and m

k

on the input h yp ergraph H , assuming that the input H has

b een �xed. W e �rst presen t some elemen tary relations b et w een these

quan tities. The �rst of these follo ws from the observ ation that ev ery

co v er of H is also a fractional co v er.

F act 4.7: �

�

� �
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The next fact follo ws from linear programming dualit y , but w e pro-

vide an elemen tary pro of.

F act 4.8: F or al l k , m

k

� k �

�

.

Pro of: Let M b e a maxim um cardinalit y k -matc hing; then, j M j =

m

k

. Consider an y optimal fractional co v er w suc h that

P

v 2 V

w ( v ) = �

�

.

No w w e kno w that eac h edge in E , and hence eac h edge in M , has total

w eigh t at least 1 under w . Therefore, for all e 2 M ,

P

v 2 e

w ( v ) � 1

)

P

e 2 M

P

v 2 e

w ( v ) � j M j = m

k

But, in the left-hand-side of the last inequalit y eac h v ertex o ccurs at

most k times. Therefore, w e ha v e that

X

v 2 V

k � w ( v ) � m

k

Noting that �

�

=

P

v 2 V

w ( v ), w e ha v e the desired result.

2

W e are no w ready to sho w that Algorithm G 2 has a p erformance

ratio of O(log d ). Supp ose that Algorithm G 2 c ho oses the v ertices v

1

,

v

2

, : : : , v

t

, in that order, to pro duce a co v er of size t . The follo wing

lemma b ounds the v alue of t in terms of the matc hing n um b ers for H .

P a y particular atten tion to the last term in the series.

Lemma 4.8:

t �

m

1

1 � 2

+

m

2

2 � 3

+

m

3

3 � 4

+ � � � +

m

d � 1

( d � 1) � d

+

m

d

d

Pro of: Note that v

1

has maxim um degree in H , i.e. degree d , and

that m

d

= j E j . Observ e that the n um b er of new edges co v ered b y

eac h successiv e v

i

is a non-increasing function of i . W e will refer to the

n um b er of new edges co v ered b y an y suc h v

i

as its c overing de gr e e . Let

t

r

b e the n um b er of times that algorithm selects a v ertex of co v ering

degree r in the course of its execution. Th us, among the v

i

's, the �rst
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t

d

of them ha v e co v ering degree d eac h, the next t

d � 1

of them ha v e

co v ering degree d � 1 eac h, and so on. W e conclude the follo wing

t = t

d

+ t

d � 1

+ � � � + t

2

+ t

1

j E j = dt

d

+ ( d � 1) t

d � 1

+ � � � + 2 t

2

+ t

1

Let H

i

( V ; E

i

) denote the h yp ergraph de�ned b y the collection of un-

co v ered edges after t

d

+ t

d � 1

+ � � � + t

i +1

v ertices ha v e b een selected b y

G 2. Clearly , the maxim um degree of eac h h yp ergraph H

i

is at most i .

This implies that E

i

is an i -matc hing in H . Therefore,

m

i

� j E

i

j

Notice that all the edges of H

i

w ere co v ered during the last t

i

+ t

i � 1

+

� � � + t

2

+ t

1

iterations of G 2. This giv es us the follo wing equation

j m

i

j � j E

i

j = it

i

+ ( i � 1) t

i � 1

+ � � � + 2 t

2

+ t

1

or that

m

i

�

i

X

j =1

j t

j

Up on suitable algebraic manipulation, this yields the inequalit y stated

in the lemm a.

2

W e are no w ready to pro v e the main theorem.

Theorem 4.10: R

G 2

< 1 + log d

Pro of: F rom F acts 4.7 and 4.8, w e ha v e that

m

k

� k �

�

� k �

Com bining this with the previous lemma, w e obtain that

t �

d � 1

X

i =1

i�

i ( i + 1)

+

d�

d

= �

 

d

X

i =1

1

i

!

< (1 + log d ) �
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In other w ords,

G 2( H ) < (1 + log d ) O P T ( H )

implying the desired result.

2

Exercise 4.4: Show that the ab ove b ound on the p erformanc e r atio of

G 2 is the b est p ossible.

4.5. Discussion

Sev eral of the algorithms describ ed ab o v e seem to p erform op erations

whic h are coun ter-in tuitiv e. A go o d example is M GA whic h actually

reduces the w eigh ts of the neigh b ors of the v ertices already in the co v er,

th us increasing the lik eliho o d that these neigh b ors are also selected to

b e in the co v er. See the pap er b y Gus�eld and Pitt [22] for a partial

explanation of wh y suc h algorithms actually p erform b etter than more

in tuitiv e algorithms suc h as G 2. This also giv es a more uni�ed view of

most of the algorithms considered ab o v e.

Ho c h baum [25 ] giv es b ounded ratio appro ximation algorithms for

related problems, viz. indep enden t sets and coloring in b ounde d degree

graphs and planar graphs. A result that w e did not co v er is the ap-

pro ximation algorithm for w eigh ted set co v er due to Ch v atal [10]. The

algorithm is a generalization of the greedy algorithm describ ed ab o v e

for set co v er. The result in the case of set co v er ma y b e view ed as

b ounding the ratio of optimal in tegral co v er and fractional co v er for

h yp ergraphs. See the pap er b y Aharoni, Erd• os and Linial for a more

general v ersion of this result, i.e. a study of the ratio b et w een the opti-

mal fractional and in tegral solutions to a class of in teger programs. A

di�eren t v ersion of the set co v er w as studied b y Johnson [30 ]. Here, as

b efore, the ob jectiv e is to �nd a collection of v ertices whic h co v er all

the edges but the v alue of a co v er is no w de�ned to b e the sum of the

degrees of the v ertices in the co v er, rather than the size of the co v er.

The results obtained are v ery similar to those describ ed ab o v e for the

set co v er problem.
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Problems

4{1 Recall the result pro v ed in an earlier c hapter whic h sho w ed that

there is no absolute appro ximation algorithm for CLIQUE, as-

suming that P 6= N P . Pro v e a similar result for SET CO VER.

4{2 Consider the algorithm MGA for WEIGHTED VER TEX CO V-

ERING due to Clarkson. Pro v e the follo wing v ariation of the

result presen ted in class. Giv en an un w eigh ted graph G ( V ; E )

with maxim um degree � suc h that the optimal v ertex co v er is of

size at most n= 3,

R

M GA

( G ) � 2 �

2

� � 2

4{3 W e ha v e seen the greedy algorithm of Lo v asz guaran tees a 1 + log d

factor appro ximation for the SET CO VER problem. Pro v e that

this is the b est b ound p ossible in that there exist instances where

this b ound is ac hiev ed b y the greedy algorithm. Can y ou pro v e a

similar result for the greedy algorithm on WEIGHTED VER TEX

CO VER?

4{4 Consider the problem called RECT ANGLE CO VERING or R C.

Instance: A collection of rectangles I = f R

1

; : : : ; R

n

g in the

plane suc h that eac h rectangle is aligned with the axes { all

sides are horizon tal or p erp endicular. Note that the rectan-

gles ma y o v erlap.

F easible Solution: A collection of p oin ts P = f p

1

; : : : ; p

m

g suc h

that eac h rectangle in I con tains at leas one p oin t from P .

Goal: Minimize j P j .

Pro vide the b est appro ximation algorithm y ou can for this prob-

lem. Can y ou sa y an ything ab out the hardness of appro ximating

this problem?
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